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Plane Duality
In a projective plane any statement remains 
significant and any theorem remains valid* when the 
terms “point” and “line” are consistently interchanged.

*in some projective plane, not necessarily the one you start out in.

A projective plane is self-dual if the * above can be 
ignored. All the classical projective planes are self-
dual.



  

Pascal/Brianchon Theorems

      Pascal's Theorem

If a hexagon is inscribed 
in a conic, the points of 
intersection of opposite 
sides are collinear.

     Brianchon's Theorem

If a hexagon circumscribes 
a conic, the lines joining 
opposite vertices are 
concurrent.



  

Space Duality
In a 3-dimensional projective space we also have a 
concept of duality which interchanges points and 
planes [lines are sent to lines but generally not 
themselves].

                 points        ↔           planes
   points on a lines      ↔   planes through a line
 lines through a point  ↔      lines in a plane
 line joining 2 points   ↔  intersection line of 2 planes
 planes thru a point    ↔      points in a plane 



  

The Setup
V

GeneratorGiven a cone C with 
vertex V in PG(3,q), a 
line on the cone is called 
a generator (and must 
pass through V).

A set of q planes which partition the points of C other 
than V is called a flock of C. 



  

Rosetta Stone
Vertex of cone 
     V = (0,0,0,1)

Generators of Cone

Flock of Cone

Plane W' = 0

Points on generator give planes 
which pass through a common 
line which lies in W' = 0. These 
common lines can be identified 
with the generators. D

G
 is the 

set of these generators in W'=0.

Set of q points, denoted by D
F
 

which do not lie in W' = 0 and 
the line determined by two does 
not intersect DG.



  

Dualization



  

Star Flocks
If all the planes of a flock pass through a common 
point, we say that the flock is a star flock. In the dual 
setting, the DF points of a star flock all lie in a plane.

W'=0

Z' = 0

l : W' = Z' = 0



  

Slopes of a Point Set
We can introduce coordinates in such a way that the 
dual points of DF have coordinates (t,g(t),0,1) as t runs 
through the field with q elements and g is a function. 
We can suppress the last two coordinates and think of 
these points as having coordinates (t,g(t)).

With l being the line of intersection of the planes W'=0 
and Z'=0, the flock condition says that lines joining 
points of DF meet l at points which are not on any of the 
DG lines. These points on l correspond to the slopes of 
the lines joining points of DF.



  

The Theorem
Theorem (Ball, 2002): Let g be a function from GF(q) 
to GF(q), q = ph for some prime p, and let N be the 
number of slopes determined by the q affine points with 
coordinates (t, g(t)). Let s = pe be maximal such that 
any line through two of these points is incident with a 
multiple of s of these points. Then one of the following 
holds:
  (i) s = 1 and  (q+3)/2 ≤ N ≤ q+1;
  (ii) GF(s) is a subfield of GF(q) and 
                   q/s + 1 ≤ N ≤ (q-1)/(s-1);
  (iii) s = q and N = 1.

Moreover, if s > 2 then g is an s-linearized polynomial.



  

Back to Star Flocks

We can now use this result to study star flocks. 

If the base of our cone is an oval (q+1 points, no 
three collinear), there will be q+1 DG lines with no 
more than two meeting at a point in W'=0. Thus, the 
line l intersects DG lines in at least ⌈½(q+1)⌉ points 
and a star flock of such a cone can exist only if the 
number of slopes determined by DF points, N, is at 
most ⌊½(q+1)⌋. By the theorem, we must have s > 1 
and so the point set DF is highly structured. 



  

Consequences
A bilinear flock is a flock in which every plane 
contains at least one of two intersecting lines. These 
are star flocks where the DF points lie on at least one 
of two distinct lines. 

With the DF points arranged on two lines, there will be 
lines of the plane which meet precisely two of the DF 
points. If q is odd we must have s = 1 and so no 
bilinear flock can exist for oval cones. If q is even we 
must have s = 2 and the two lines must both have an 
even number of DF points, so the point of intersection 
can not be a DF point.



  

Consequences

Since the star flocks of oval cones are highly 
structured, it is reasonable to assume that a deeper 
analysis will lead to non-existence results and/or 
examples. 
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