
Maximum Distance 
Separable Codes



The Singleton Bound
For a q-ary (n,M,d)-code, the Singleton bound states that
                                           M ≤ qn-d+1. 
This implies that for a linear [n,k]-code we must have
                                         qk  ≤ qn-d+1, 
from which it follows that k ≤ n - d + 1, or as we prefer to write it, 
d ≤ n - k + 1. 

A linear code which meets this bound is called a Maximum 
Distance Separable (MDS) code .

 Since error correcting capability is a function of minimum 
distance, we see that for given dimensions n and k, the MDS codes 
are those with the greatest error correcting capability.



Characterizing MDS Codes

There are several useful characterizations of MDS codes. The 
simplest being; 

Proposition 1: A q-ary [n,k] linear code is an MDS code if, and 
only if, the minimum non-zero weight of any codeword is n - k + 1. 



Trivial Examples
1.  For any n and q, V[n,q], a linear [n,n]-code, is an MDS code, 
since the minimum non-zero weight of any codeword is 1. This is a 
trivial MDS code.

2.  Another trivial example for any n and q, is the cyclic code 
generated by the all 1's vector. This is an [n,1]-code with minimum 
weight n. 

3. Yet another trivial MDS code (for any n and q) is obtained by 
taking all the vectors of even weight in V[n,q]. It is not difficult to 
see that this is an [n,n-1] code (linear subspace) with minimum 
distance 2.

MDS codes which are not one of these three examples are called 
nontrivial MDS codes.



More Trivial Examples
We will see some nontrivial MDS codes later, but first consider the 
binary Hamming code of order r. 

This is a [2r - 1, 2r - r-1] linear code with minimum distance 3. In the 
case r = 2, this is an MDS code, but it is a trivial one (a [3,1]-code). 

Define the extended Hamming code, Ham(r)*, by adding one new 
coordinate position to each code vector and putting a 0 or 1 in that 
position to make the new code word have even weight (that is, 
adding a parity check). It can be shown, without difficulty, that the 
extended Hamming code of order r is a linear [2r, 2r -r -1] binary 
code with minimum distance 4. Again, with r = 2 we obtain a trivial 
MDS code (this time a [4,1]-code). 



More Characterizations
Another characterization of MDS codes, using parity check 
matrices, follows from Theorem 1 of the Linear Codes notes, 
namely:

Proposition 2: A q-ary [n,k] linear code is an MDS code if, and 
only if, every set of n-k columns of a parity check matrix is linearly 
independent.

This proposition can be used to prove several other interesting 
characterizations. We list these, without proof, in the following 
theorem.



And More Characterizations

Theorem 1: Let C be a q-ary [n,k]-linear code with minimum 
distance d. Then the following are equivalent:

1.  C is an MDS code.
2.  The code C' dual to C is an MDS code.
3.  Any k columns of a generator matrix for C are linearly 
independent.
4.  If a generator matrix for C is in standard form [I,A], then 
every square submatrix of A is nonsingular.
5.  Given any d coordinate positions, there is a (minimum weight) 
code word whose non-zero entries are in precisely these 
positions.



Geometry
There is a strong connection between MDS codes and structures 
that have been studied for a long time in geometry. To see this 
connection, we need some definitions.
 V[n+1,q] is a vector space. The lattice of subspaces of V[n+1,q] of 
dimension at least 1 is called a Projective Geometry and is denoted 
by PG(n,q). The 1-dimensional subspaces are called points, the 2-
dimensional subspaces lines, the 3-dimensional subspaces planes, 
etc. of PG(n,q). The relationship between these objects of the 
projective geometry is given by containment of the vector 
subspaces. Thus, a point is on a line iff the 1-dimensional subspace 
is contained in the 2-dimensional subspace. Given a point P, any 
non-zero vector in this 1-dimensional vector space is called a 
(projective) coordinate for P. Thus, projective coordinates are not 
unique, but any two that correspond to the same point are just scalar 
multiples of each other.



m-arcs
A set of m points in PG(N,q), with m > N, is called an m-arc if 
every N+1 of the points are linearly independent. (Linear 
independence of these vector subspaces is equivalent to the linear 
independence of any selection of coordinates for these points.) 
Thus, in PG(2,q), an m-arc is a set of at least 3 points so that every 
3 of them are linearly independent. I.e., no 3 of these points can lie 
in the same 2-dimensional vector space (a line). Using geometrical 
language,  no 3 points are collinear (lie on the same line). In PG
(3,q), an m-arc is a set of at least 4 points so that no 4 points are 
coplanar (lie in the same plane). If 3 of these points were collinear, 
then these 3 together with some other point of the set would lie in a 
plane, so we also have that no 3 of these points are collinear. In 
general, in PG(N,q), an m-arc consists of m points so that no 3 lie 
on a line, no 4 lie in a plane, no 5 lie in a solid, ..., no N+1 lie in an 
N dimensional vector space. (In older terminology, such points 
would be said to be in general position.)



m-arcs and MDS Codes
Let K be a set of m points, P

1
, P

2
, ...,P

m
 in PG(N,q). 

Form the N+1 × m matrix G whose m columns are projective 
coordinates of each of the points. 

It then follows from Theorem 1: (3) that:

Theorem 2: K is an m-arc in PG(N,q) if and only if G is the 
generator matrix of an [m, N+1] q-ary MDS code with minimum 
distance m-N.

We can use this theorem to provide examples of nontrivial MDS 
codes.



PG(2,q)

In PG(2,q) the largest m-arcs have size q+1 if q is odd and q+2 
if q is even. A q+1-arc in PG(2,q) is called an oval and a q+2-
arc is called a hyperoval. By Theorem 2, ovals give rise to 
[q+1,3] MDS codes and hyperovals give rise to [q+2, 3] MDS 
codes. For q > 3, these will be nontrivial MDS codes. For q 
odd, all ovals are of the same type, called a conic. For q even, 
there are several types of hyperovals, they have not yet been 
classified.



m-arcs in PG(2,2h)

A special class of hyperovals (q+2-arcs), containing most of the 
known examples, consists of those which are projectively 
equivalent to a hyperoval having a monomial o-polynomial. Such 
an o-polynomial must be of the form f(x) = xk. We define
           D(h) = {k | xk  is an o-polynomial over  GF(2h)}.
As has been observed by numerous authors :

Result 1:  If k ∈D(h) then 1/k, 1-k, 1/(1-k), k/(k-1) and 
(k - 1)/k ∈D(h) where these numbers are taken modulo 2h - 1. 
These six o-polynomials give projectively equivalent hyperovals.



D(h)
 We give a brief description of what is known to be in D(h). 
                                           2 ∈D(h) ∀h.
These are the hyperconics, the only family of monomial hyperovals 
to be found in all planes under consideration.

                               2i∈D(h)  if and only if (i,h)= 1.
 These hyperovals were determined by Segre  in 1957. They are 
called  translation hyperovals since they admit as an automorphism 
group a group of translations which is transitive on the affine points 
of the hyperoval. When i ≠ 1, or  h-1, these hyperovals are not 
equivalent to hyperconics. Payne ['71] has shown that these are the 
only additive o-polynomials. 



D(h)

                                     6 ∈D(h)  for h odd.
Discovered by Segre  in 1962, but most of the proofs appear in the 
1971 treatment by Segre and Bartocci.

    σ+γ  and  3σ+ 4 ∈D(h)  for h odd, where  γ4≡  σ2≡2 mod (2h-1).
These two families were discovered by Glynn  in 1982 (a few of the 
initial members of these families in small planes were already 
known). Alternate versions of the proofs that these are hyperovals 
can be found in Cherowitzo ['98]. 



D(h)

Glynn implemented a fast algorithm for determining membership 
in D(h) and searched all values of h up to and including 19 as a 
prelude to the above-mentioned result. He has since extended this 
search and found no new hyperovals. We record this as:

Result 2 (Glynn ['89]):  The sets D(h) are completely determined 
for h ≤ 28.

Another approach to classifying the monomial o-polynomials,
is concerned with the number of non-zero bits in the binary 
representation of the exponent of the monomial. The one bit 
exponents correspond to the translation o-polynomials. The two bit 
exponents have been classified by Cherowitzo and Storme ['98]. 
The three bit exponent classification is being worked on.



Non-Monomials
The first infinite family of hyperovals not of the monomial type
was discovered in 1985 by Payne  in an investigation of a family of 
generalized quadrangles. He showed that for odd h,
                           f(x) = x1/6 + x3/6 + x5/6

 is an o-polynomial (where the exponents are taken modulo 2h – 1).

 
A second family of hyperovals (see Cherowitzo ['88, '96]), again for 
odd h, is given by:
                   f(x) = xσ + xσ+2 + x3σ+4       ( where  σ2≡2 mod (2h-1))
That this is an o-polynomial family was first conjectured in 1985 
and finally proved in 1995 (Cherowitzo ['98]). 



Non-Monomials
Using a connection between hyperovals and flocks of a quadratic
cone, Cherowitzo, Pinneri, Penttila and Royle ['96], were able to 
produce an infinite family of non-monomial o-polynomials for all h 
(the only other such family is that of the monomial translation 
hyperovals).
 The hyperovals belonging to this family are called  Subiaco
hyperovals (named after a suburb of Perth, Australia, near the 
University of Western Australia).
The Subiaco o-polynomial is given by:

f x= d 2x4xd 21dd 2x3x2
x4d 2 x21

x1/2

whenever tr(1/d) = 1  and d ∉ GF(4)  if  h ≡ 2 mod 4, where tr is the 
absolute trace function of GF(2h). This o-polynomial gives rise to a 
unique hyperoval if h≡0,1,3 mod 4 and to two inequivalent 
hyperovals if h ≡ 2 mod 4, h > 2. 



Non-Monomials

The most recent (1999) family consists of the Adelaide hyperovals  
in planes of square order. As with the Subiaco family, they arise 
from a connection with flocks of a quadratic cone. The initial 
members of this family were found by computer search in the planes 
of order 64 and 256 (Penttila and Royle ['95]). These were then 
shown to come from a recipe for finding cyclic q-clans  developed 
by Payne. The recipe was used to obtain examples in PG(2, 1024) 
and PG(2, 4096). This work is reported in Payne, Penttila and Royle 
['97].  The description and proof of the infinite family in planes of 
square order is in the  paper by Cherowitzo, O'Keefe and Penttila 
['03]. The reconciliation of the two approaches to these hyperovals is 
the subject of a paper by Cherowitzo and Payne ['04].



And one more!

In 1991, O'Keefe and Penttila  by means of a detailed
investigation of the divisibility properties of the orders of 
automorphism groups of hypothetical hyperovals in this plane,
discovered a new hyperoval. Its o-polynomial is given by:
     f(x) = x4 + x16 + x28 + β11(x6 + x10 + x14 + x18 + x22 + x26)
                   + β20(x8 + x20) + β6(x12 + x24),
 where β is a primitive root of GF(32) satisfying β5 = β2 + 1. The
full automorphism group of this hyperoval has order 3.



Hyperovals in Planes of Small Order

The hyperovals in the Desarguesian planes of orders 2, 4 and 8
are all hyperconics, so we shall only examine the planes of orders 16, 32 and
64.

 PG(2,16):
In 1958, Lunelli and Sce  carried out a computer search for complete arcs in 
small order planes at the suggestion of B. Segre. In PG(2,16) they found a 
number of hyperovals which were not hyperconics. In 1975, M. Hall Jr.  
showed, also with considerable aid from a computer, that there were only two 
classes of projectively inequivalent hyperovals in this plane, the hyperconics 
and the hyperovals found by Lunelli and Sce. Out of the 2040 o-polynomials 
which give the Lunelli-Sce hyperoval, we display only one:

                             f(x) = x12 + x10 + β11x8 + x6 + β2x4 + β9x2,

 where β is a primitive element of GF(16) satisfying β4 = β + 1. 



Lunelli-Sce
In 1975, Hall described a number of collineations of the plane which 
stabilized the Lunelli-Sce hyperoval, but did not show that they generated the 
full automorphism group of this hyperoval. In 1978, Payne and Conklin using 
properties of a related generalized quadrangle showed that the automorphism 
group could be no larger than the group given by Hall. 

O'Keefe and Penttila ['91] have reproved Hall's classification result without 
the use of a computer.  Brown and Cherowitzo ['99] have provided a group-
theoretic construction of the Lunelli-Sce hyperoval as the union of orbits of 
the group generated by the elations of PGU(3,4) considered as a subgroup of 
PGL(3,16). Also included in this paper is a discussion of some remarkable 
properties concerning the intersections of Lunelli-Sce hyperovals and 
hyperconics. In Cherowitzo, et.al.['96] it is shown that the Lunelli-Sce 
hyperoval is the first non-trivial member of the Subiaco family, and in 
Cherowitzo, et.al. ['03] it is shown to be the first non-trivial member of the 
Adelaide family.



PG(2,32)
 
Since h = 5 is odd, a number of monomial hyperovals are present in this plane. 
Each of the types mentioned above has a representative, but due to the small 
size of the plane there are some spurious equivalences, in fact, each of the 
Glynn type hyperovals is projectively equivalent to a translation hyperoval, 
and the Payne hyperoval is projectively equivalent to the Subiaco hyperoval 
(this does not occur in larger planes). Specifically, there are three classes of 
monomial type hyperovals, the hyperconics (k = 2), proper translation 
hyperovals (k = 4) and the Segre hyperovals (k = 6). There are also classes 
corresponding to the Payne hyperovals and the second family. In 1991, 
O'Keefe and Penttila a new hyperoval described above. 

In 1992, Penttila and Royle were able to cleverly structure an exhaustive 
computer search for all hyperovals in this plane. The result was that the
above listing is complete, there are just six classes of hyperovals in PG(2,32). 



PG(2,64)

Until recently this would have been a very short section as the
only known hyperoval in this plane was the hyperconic. By extending the 
ideas in O'Keefe & Penttila ['92] to PG(2,64), Penttila and Pinneri ['94] 
were able to search for hyperovals whose automorphism group admitted a
collineation of order 5. They found two and showed that no other
hyperoval exists in this plane that has such an automorphism. One of the 
hyperovals is:
            f(x) = x8 + x12 + x20 + x22 + x42+ x52 +                                                    
                   β21(x4+x10+x14+x16+x30+x38+x44+x48+x54+x56+x58+x60+x62) +
                         β42(x2 + x6 + x26 + x28 + x32 + x36 + x40),
 which has an automorphism group of order 15, where β is a primitive 
element of GF(64) satisfying β6 =β + 1. In Cherowitzo, et.al. ['96] it is 
shown that these are Subiaco hyperovals. 



PG(2,64)

By refining the computer search program, Penttila and Royle ['94]
were able to extend the search to hyperovals admitting an 
automorphism of order 3, and found the hyperoval:
 f(x) = x4 + x8 + x14 + x34 + x42+ x48 + x62 +β21                                                                                               

                          (x6+x16+x26+x28+x30+x32+x40+x58) +
             β42(x10 + x18 + x24 + x36 + x44 + x50 + x52+ x60),

 which has an automorphism group of order 12 (β is a primitive 
element of GF(64) as above). This hyperoval is the first distinct 
Adelaide hyperoval.

 



PG(2,64)

These examples provide the affirmative answer to Segre's question 
concerning the existence of irregular hyperovals in this plane. It should be 
noted that in all three examples the coefficients of the o-polynomials lie in 
the subfield of order 4 of GF(64). Computer searches have been made for o-
polynomials over GF(64) with coefficients in the subfield of order 2  
showing that only the hyperconics have such an o-polynomial, and with 
coefficients in the subfield of order 4 producing no hyperovals other than the 
three above. Unpublished computer searches by Penttila and Royle show that 
any other hyperoval in this plane would have to have a trivial automorphism 
group. This would mean that there would be many projectively equivalent 
copies of such a hyperoval, but general searches by the author have found 
none, giving credence to the conjecture that there are no others in this plane.



MDS codes from hyperovals
By Theorem 2, each of these hyperovals gives a [q+2, 3]- MDS 
code over GF(q) with q = 2h (for an appropriate h). The minimum 
distance of these codes is q. 

In the case q = 2 we obtain a trivial [4,3]-code, but for all other 
powers of 2 the MDS code is nontrivial.

For q odd, the largest m-arcs are of size q+1 and these are all 
conics. These give rise to [q+1, 3]-MDS codes with minimum 
distance q-1. The generator matrices of these codes are equivalent 
to:

G= 1 1 1 ⋯ 1 0
x1 x2 x3 ⋯ xq 0
x1

2 x2
2 x3

2 ⋯ xq
2 1



PG(3,q)
In PG(3,q), the largest m-arcs have size q+1.

(It has been conjectured that for PG(N,q) with N > 2, the largest m-
arc is always of size q+1. The conjecture is known to be true for 
N ≤ 5 or  q ≤ 11 or  q > (4N – 9)2.)

As in the case for PG(2,q) there is an example of a q+1-arc for 
every q (conics in the plane case). For PG(3,q) these are known as 
twisted cubics (The generalization for PG(N,q) is called a normal 
rational curve.)

With q odd, every q+1 -arc is a twisted cubic, but if q is even then 
other types of q+1-arcs exist.



Twisted Cubics
The generator matrix of a [q+1, 4] – MDS code arising from a 
twisted cubic is equivalent to:

G= 1 1 1 ⋯ 1 0
x1 x2 x3 ⋯ xq 0
x1

2 x2
2 x3

2 ⋯ xq
2 0

x1
3 x2

3 x3
3 ⋯ xq

3 1
.

Note that without the last column this is just a Vandermonde 
matrix.


