
Math 7409                  Applied Combinatorics                         Fall 2010

Midterm Exam

This exam consists of 5 questions worth 20 points apiece. Show all work for partial credit. 
Work submitted for grading (such as this exam) must be your own individual effort. Grades 
will reflect not only correctness, but also clarity and precision of presentation. This will be 
achieved in the following way; 3 points of each question are designated as "quality points" 
and will be awarded according to how well the problem is presented. Novel or insightful 
responses will also qualify for quality points. Exams are due at the start of class on Tuesday, 
October 26. May the force be with you!

1. Find a simple closed form for the ordinary generating function of the Catalan numbers 

 C n = 1
n12nn .  

2. A math department has n professors and 2n courses, two assigned to each professor each 
semester. How many ways are there to assign the courses in the fall semester? How many 
ways are there to assign them in the spring so that no professor teaches the same two 
courses in the spring as in the fall?

3. Let Bn be the nth Bell number (the total number of partitions of [n]). 

a) Prove that Bn1 = ∑
k=0

n

nkBk for n ≥ 0.

b) Use part (a) to prove that the exponential generating function for the Bell numbers
                 is ee

x−1.

4. Let an equal the number of ternary strings of length n made up of 0s, 1s and 2s such that 
the substrings 00, 01, 10 and 11 never appear. Now, a0 = 1 and a1 = 3. Find a recursion for an 

when n ≥ 2 and then use it to find a formula for an. 

5. Determine the number of permutations of the multiset consisting of 3 a's, 4 b's and 2 c's 
where, for each type of letter, all the letters of that type do not appear consecutively. (Thus 
abbbbcaca is not allowed, but abbbacacb is.)


