
Math 7409                                      Lecture Notes 9

Polya Counting

Review:
1. Equivalence Relations
2. Groups
3. Cyclic notation for permutation groups

Groups Acting on Sets

A group G acting on a set X is a function f: X x G → X such that
a)   f(z,1) = z   ∀ z ∈ X, 1 is the identity of G, and
b)  f(za, b) = f(z,(ab))  ∀ a,b ∈ G, z ∈ X, where za = f(z,a).

Notation:  For a group action, f(x,g) will usually be denoted by (x)g or xg. Thus, condition b) in 
the definition is usually written as ((x)a)b = (x)ab  or (xa)b = xab.

Lemma:  Given a group action, if xg = y then yg-1 = x.

Examples:
       1. Dihedral groups acting on the vertices of a regular polygon.
       2. Same group acting on the diagonals and sides.
       3. Cyclic group of order 4 acting on cells of a 3x3 grid.

Given an action of G on X, the orbit of x = Ox = {y ∈ X | ∃ g ∈ G with xg = y}. Note that an 
orbit of an element of X is a subset of X.

Given an action of G on X, the fixed point set of g = Fixg = {y ∈ X | yg = y}. Note that the 
fixed point set of a group element is a subset of X also.

Given an action of G on X, the stabilizer of x = Stabx = {g ∈ G | xg = x}. The stabilizer of an 
element of X is a subset (actually subgroup) of G.

Orbits of an action are equivalence classes. 

An action is faithful if the only group element which fixes all set elements is the identity. Any 
action can be turned into a faithful action by moding out by the kernel of the action (the 
subgroup of all elements of G which fix every element of the set. We will assume that our 
action is faithful. 

(Orbit Counting Lemma) [Cauchy, Frobenius] a.k.a. Burnside's Lemma and sometimes Not 
Burnside's Lemma.
   Let group G act on set X. Let O be the set of orbits of this action. Then

                                           ∣O∣ = 1
∣G∣ ∑g∈G ∣Fix g∣.



Pf: In 3 steps.
    1)  For any x in X,    |Stabx| |Ox| = |G|.
            For each element y in Ox, identify a group element gy so that xgy = y. Take any group 
element g. xg = y for some y in Ox. Then xggy-1 = x, so ggy

-1 is in Stabx. So, g = (ggy
-1 )gy. 

This expression is unique, giving the result.

     2) ∣O∣ = 1
∣G∣ ∑x∈X ∣Stabx∣.

 By taking reciprocals in step 1 we have for each x

                                           
1

∣O x∣
= 1

∣G∣∣Stabx∣.

Now sum both sides over the elements of X and note that on the LHS if an element is in an 
orbit of size k, there will be k terms of 1/k, so the sum of terms corresponding to elements of 
an orbit is 1 and the LHS will be the number of orbits.
    3)  ∑

x∈X
∣Stabx∣ = ∑

g∈G
∣Fix g∣.

  Count the pairs (x,g) with xg = x.

A k-coloring of a set X is a map : X → K, where |K| = k (the colors).

Ex: Every finite graph with n vertices is a 2-coloring of the edges of Kn .

If |X| = n and |K| = k, there are kn colorings of X. A group acting on X also acts on the set of all 
colorings of X. An orbit of this (extended) action is called a pattern. Two colorings that are in 
the same pattern are said to be equivalent (or color equivalent) under the group. 

With cyc(g) = # cycles in the permutation representation of g, we have the special case of 
Polya's theorem:

                                            # patterns = 
1
∣G∣∑g∈G k

cyc g .

This is just the orbit counting lemma applied to this situation when we show that kcyc(g) = Fixg. 
In order for a group element g to fix a coloring, if xg = y, then x and y must get the same color 
and so all the elements in a cycle of g must receive the same color. Hence colorings that are 
fixed by g are those where the elements of each cycle have the same color, and there will be 
kcyc(g) of these.

Given a permutation, let bi = # cycles of length i in a given permutation. We can encode the 
cycle structure of the permutation by the monomial (where m is the largest cycle size)
                                                      x1

b1 x2
b2⋯xm

bm .
We can encode the cycle structure of the group by the cycle index:

                                 PG  x1, x2,⋯ , xm  = 1
∣G∣∑g∈G x1

b1 x2
b2⋯xm

bm .

Note:  # patterns = PG(k,k, ...,k).

Ex: The rotation group acting on a grid of 9 squares has the representation:
     id,   (1 3 9 7)(2 6 8 4)(5),   (1 9)(3 7)(2 8)(4 6)(5),   (1 7 9 3)(2 4 8 6)(5) 



whose cycle structure monomials are  x1
9, x1x4

2, x1x2
4, x1x4

2.  Thus the cycle index for this 
group action is PG(x1,x2,x4) = ¼( x1

9 + 2x1x4
2 +  x1x2

4).

The same group acting on a grid of 4 squares has the representation:
      id,   (1 2 4 3),   (1 4)(2 3),  (1 3 4 2)
and the cycle index is   ¼(x1

4 + 2x4 + x2
2).  The number of patterns of 2-colorings of this grid is 

therefore  ¼(24 + 2(2) + 22) = ¼(24) = 6. These orbits are:

We can be more sophisticated in our counts by adding more structure.

For any set of "colors", we can assign a weight w(r) to each color r. [A weight can be a 
number or a symbol.] The weight of a k-coloring is the product of the weights of the colors 
used in the coloring. 

Obviously, colorings in the same orbit (have the same pattern) have the same weight, so we 
may say that a pattern has a weight - the weight of any coloring in the orbit. 

A pattern inventory is the sum of the weights of the patterns under consideration (some 
subset of orbits). The pattern inventory is a generating function (in several variables, the 
weights) where the coefficients are the number of inequivalent colorings with the prescribed 
distribution of colors. 

With weights "b" for black and "w" for white, the pattern inventory of the 2x2 grid example is:
                                       



                                                   w4 + w3b + 2w2b2 + wb3 + b4

(Polya's Theorem): Let G be a group acting on the set of colorings of a set X, C(X,R) where 
R is the set of colors. Letting w be a weighting function on R, the pattern inventory of the 
colorings in C(X,R) is given by

                          PG ∑r∈R w  r  ,∑r∈R w r 
2 ,∑
r∈R

w r 3 ,⋯,∑
r∈R

w r k
where PG(x1,x2, ..., xk) is the cycle index.

Example: Continuing with the 2x2 grid example with the weights "b" and "w", the pattern 
inventory should be PG( b+w, b2 + w2, b4 + w4) where PG(x1,x2,x4) =  ¼(x1

4 + 2x4 + x2
2). Thus, 

we have the pattern inventory given by:

            
1
4
bw 42 b4w4b2w22 = 1

4
4b44 b3w8b2w 24bw 34w4

= b4b3w2b2w2bw 3w 4.

Example: Consider the following structure made from colored styrofoam balls and identical 
sticks. 

The group of plane motions which stabilize this structure are:
           id = (1)(2)(3)(4)(5)(6)
           R180 = (1 6)(2 5)(3 4)
            FH = (1 4)(2 5)(3 6)
            FV = (1 3)(4 6)(2)(5)

The cycle index is thus:  PG(x1,x2) = ¼(x1
6 + 2x2

3 + x1
2x2

2)

Using three colors with weights "r", "b", and "g" we have the pattern inventory:
    PG(r+b+g, r2+b2+g2) = ¼((r+b+g)6 + 2(r2+b2+g2)3 + (r+b+g)2(r2+b2+g2)2)

We can now answer several questions about the number of configurations such that:
     1) each ball is colored either red, blue or green. 
             PG(3,3) = 216  (either set x1 = x2 = 3 in the cycle index or r=b=g=1 in the pattern 
inventory.

  

  



   2) there are two of each colored used.
           The coefficient of r2b2g2 in the pattern inventory. This is 27.
   3) No reds are used. 
            Set r = 0, b = g = 1 in the pattern inventory to get 24.
   4) At least two greens are used.
            Set r = b = 1 in the pattern inventory to get
                        24 + 52g + 71g2 + 44g3 + 20g4 + 4g5 + g6

         and we have 71 + 44 + 20 + 4 + 1 = 140 patterns with at least two greens.
   5) At least one blue and one green are used.
         Use PIE to count compliment. = 24 + 24 - 1 = 47  (see 3) and symmetry of colors) so the 
number is 216 - 47 = 169.

Proof of Polya's Theorem.
    The pattern inventory is the sum of the weights of patterns which we can write as
                            w(C1) + w(C2) + ....    where the Ci are the patterns.
Now, w(Ci) = ∑ w(c)/|Ci| where the sum is over all the colorings c in the pattern Ci. However,
by the orbit stabilizer lemma we have

             ∑
patterns

w C i = ∑
colorings

w c
∣C i∣

= 1
∣G∣ ∑

colorings
w c  ∣G∣

∣C i∣
= 1

∣G∣ ∑
colorings

w c ∣Stabc∣.

Now suppose that a permutation in the stabilizer of a coloring c has disjoint cycles d1, d2, ..., 
dm. All the objects in one of the cycles must have the same color, so the weight of the coloring 
will be given by w(c) = w(i1)|d1|w(i2)|d2| .... w(im)|dm| where ij is the common color given to all the 
elements in cycle dj. The generating function for terms of this type is given by:
 
[w 1∣d 1∣w 2∣d 1∣⋯w r ∣d 1∣] [w 1∣d 2∣w 2∣d 2∣⋯w r ∣d 2∣]⋯[w 1∣dm∣w2∣dm∣⋯w  r ∣dm∣]

= ∏
j
∑
r∈R

[w  r ] j  where j=∣d i∣ for some i .

Reorganizing this product in terms of the number of cycles of length j, i.e. b j, gives us:

                                          [∑r∈R [w  r ]
1]
b1[∑r∈R [w  r ]

2]
b2⋯

which gives the result.

Example: Equivalence Classes of Simple Graphs on 4 Vertices.

   The set X is the edge set of K4 and these graphs are 2-colorings of X. We need to consider 
the group that acts on these edges. Start with the group that acts on the vertices, S4. This 
group has a cycle index (in its action on 4 points) = 1/24 (x1

4 + 6x1
2x2 + 8x1x3 + 3x2

2 + 6x4).

The action on edges depends on cycles which its endpoints belong to. The cycle index of this 
action is   1/24(z1

6 + 9z1
2z2

2 + 8z3
2 + 6z2z4).

The number of patterns (Equivalence Classes) is thus  1/24 (264) = 11.

The pattern inventory is thus (with colors p = present, m = missing)
                       p6  + p5m + 2p4m2 + 3p3m3 + 2p2m4 + pm5 + m6




