
Math 7409                              Lecture Notes 10

Posets and Lattices

A partial order on a set X is a relation on X which is reflexive, antisymmetric and transitive.

A set with a partial order is called a poset. 

If in a poset x < y and there is no z so that x < z < y, then we say that y covers x (or sometimes that x is 
an immediate predecessor of y).

Hasse diagrams of posets are graphs of the covering relation with all arrows pointed down. 

A total order (or linear order) is a partial order in which every two elements are comparable. This is 
equivalent to satisfying the law of trichotomy. 

A maximal element of a poset is an element x such that if x ≤ y then y = x. Note that there may be 
more than one maximal element. 

Lemma: Any (non-empty) finite poset contains a maximal element.

In a poset, z is a lower bound of x and y if  z ≤ x and z ≤ y. A greatest lower bound (glb) of x and y is a 
maximal element of the set of lower bounds. By the lemma, if two elements of  finite poset have a 
lower bound then they have a greatest lower bound, but it may not be unique. Upper bounds and least 
upper bounds are defined similarly. [Note that there are alternate definitions of glb, and in some 
versions a glb is unique.]

A (finite) lattice is a poset in which each pair of elements has a unique greatest lower bound and a 
unique least upper bound. A lattice has a unique minimal element 0, which satisfies 0 ≤ x for all x in the 
lattice (uniqueness proof: Let 0 be a minimal element and x any element. Let z be the glb of 0 and x, 
then z ≤ 0 and so z = 0 by minimality, hence 0 ≤ x. If x happens to be a minimal element also, then we 
have x ≤ 0, so x = 0 by antisymmetry. Dually a lattice has a unique maximal element 1.

We use the notation x ∧ y for the glb of x and y and x ∨ y for the lub of x and y. These are also called 
the meet and join of x and y respectively.

Lemma: Any totally ordered set is a lattice: If x ≤ y then x ∧ y = x and  x ∨ y = y.

Other lattices:
    1) The power set lattice (meet = intersection, join = union).
    2) Divisibility lattice (meet = greatest common divisor, join = least common multiple).
    3) Subspaces of a finite vector space V(n,q) (meet = intersection, join = span) This lattice is called 
the Projective Geometry PG(n,q).

Axiomatically a lattice can be described in the following way:

   Let X be a set, ∧ and ∨ two binary operations defined on X, and 0 and 1 two elements of X. Then 
(X,∧ , ∨, 0, 1) is a lattice if and only if the following axioms are satisfied:



  1) Associative laws:  x ∧ (y ∧ z) = (x ∧ y) ∧ (x ∧ z)  and x ∨ (y ∨ z) = (x ∨ y) ∨ (x ∨ z).
  2) Commutative laws:  x ∧ y = y ∧ x   and x ∨ y = y ∨ x.
  3) Idempotent laws: x ∧ x = x = x ∨ x.
  4) Absorption laws:  x ∧ (x ∨ y) = x = x ∨ (x ∧ y)
  5) x ∧ 0 = 0,  x ∨ 1 = 1. 

    Given the lattice, define x ≤ y iff x ∧ y = x.

Linear extension

Theorem: Let R be a partial order on X. Then there is a total order R* on X such that R ⊆ R*.

A total order containing a partial order is called a linear extension of the partial order. 

In the finite setting, we can express this result in a different form:
   If (X, ≤) is a finite poset, then we can label the elements of X as x1, x2, ..., xn such that if xi ≤ xj then i 
≤ j. 

Proof: Let R be a partial order on X. For each element of X we define ↓a = {x | x R a} and 
↑b = {y | b R y}. If R is not a total order then there are incomparable elements in X. We will repeat the 
following construction, which reduces the number of incomparable elements until there are no more. If 
a and b are incomparable elements wrt R, define
                                                  R* = R ∪ {↓a x ↑b}.
We need to show that R* is a partial order. 
    Reflexitivity follows from the reflexitivity of R. Suppose that x R* y and y R* x. If (x,y) and (y,x) 
are in R, we have x =  y by the antisymmetry of R. We can not have (x,y) and (y,x) in ↓a x ↑b, since ↓a 
and ↑b are disjoint. So suppose (x,y) in R and (y,x) in ↓a x ↑b. Then, b R x, x R y and y R a, so b R a by 
transitivity of R, a contradiction. 
   If x R* y and y R* z, then if (x,y) and (y,z) in R, then x R z by transitivity in R. (x,y) and (y,z) in ↓a x 
↑b is impossible, and if x R y and (y,z) in ↓a x ↑b, then since x R y and y R a, we have x R a so that x is 
in ↓a. This means that (x,z) is in ↓a x ↑b, so x R* z.                         ▐

Chains and Antichains

A chain C in a poset P is a subset of P such that any two of its points are comparable. In other words, a 
sub-poset which is a total order. An antichain A is a subset such that any two of its points are 
incomparable. 

Proposition: (a) If a poset P has a chain of size r, then it cannot be partitioned into fewer than r 
antichains.
(b) If a poset P has an antichain of size r then it can not be partitioned into fewer than r chains.

Pf: Obvious. 

Theorem : (Mirsky) Suppose that the largest chain in the poset P has size r. Then P can be partitioned 
into r antichains.



Pf: Define the height of an element x of X as one less than the greatest number of elements in a chain 
whose greatest element is x. Let Ai be the set of elements at height i. By hypothesis, Ai = ∅ for i ≥ r, so 
X = A0 ∪ A1 ∪ ... ∪ Ar-1; and each Ai is an antichain, since if x is in Ai and x < y, then there is a chain 
ending with y which is longer than the largest chain ending with x so y is not in Ai.  

Theorem (Dilworth): Suppose that the largest antichain in the poset P has size r. Then P can be 
partitioned into r chains. 

Pf: We will prove this by induction on the size of P (finite). The statement is trivially true if P is empty, 
so we can assume that P has at least one element, and we let a be a maximal element of P.
     By induction, we can assume that for some integer k the poset P' = P\{a} can be covered by k 
disjoint chains C1, ..., Ck and has a least one antichain A0 of size k. Since an antichain can not meet a 
chain in more than one point, we have A0 ∩ Ci ≠ ∅ for i = 1,..., k. Let xi be the maximal element in Ci 

that belongs to an antichain of length k in P', and set A = {x1, x2, ..., xk}. We claim that A is an 
antichain. Let Ai be an antichain of length k that contains xi. Then Ai ∩ Cj ≠ ∅ for all i,j. For y in Ai ∩ 
Cj , we have y ≤  xj, since xj is maximal in Cj. If xj  ≤  xi then y ≤ xi a contradiction since both elements 
are in Ai. By interchanging the roles of i and j we see that xi and xj are incomparable, that is, A is an 
antichain.
    Now return to P. If a is incomparable with each of the xi, then {a} ∪ A is an antichain of size k+1 
and {a}, C1, ..., Ck is a covering of P by k+1 disjoint chains. So we may suppose that xi ≤ a for some i. 
Let K = {a} ∪ {z ∈ Ci : z ≤ xi}.  K is a chain and P\K can not contain an antichain of size k (an 
antichain of size k must intersect Ci, but xi was the maximal element of Ci contained in such an 
antichain, so its removal makes the existence of such antichains impossible). Thus, the largest antichain 
of P\K has size k-1 and by induction can be covered by k-1 disjoint chains. Adding K gives k disjoint 
chains covering P.                                                                                               ▐ 

Corollary: The maximal size of an antichain in a poset P is equal to the minimal number of disjoint 
chains into which P can be partitioned.

Example: Among any group of ab + 1 white mice either there is a sequence of a + 1 mice, each a 
descendant of the next, or there is a group of b + 1 mice no one of which is a descendant of another. 
    Order the mice according to the descendant relationship ... this is a partial order. If the maximal size 
of an antichain in this poset is b +1 or larger, the second condition is met. On the other hand, if the 
maximal size of an antichain is at most b, then the mice can be partitioned into b or fewer disjoint 
chains. Consequently, there must be a chain of length a + 1 or larger (if a or less, then only ab total 
mice). 

Graph Theoretic Interpretation: A comparability graph is an undirected graph formed from a poset 
with the vertices as set elements and an edge between any comparable elements. A clique in such a 
graph is a chain and an independent set is an antichain. Any induced subgraph of a comparability graph 
is itself a comparability graph, formed from the restriction of the partial order to a subset.
   An undirected graph is perfect if, in every induced subgraph, the chromatic number equals the size of 
the largest clique. That every comparability graph is perfect is just a restatement of Mirsky's theorem 
(largest clique is the largest chain = min number of antichains which partition set and the vertices with 
the same color form an independent set, i.e., antichain). It is known that the complement of any perfect 
graph is also perfect. Therefore, the complement of any comparability graph is perfect, which is just a 
restatement of Dilworth's theorem. 



Equivalences:
   There are several important theorems in combinatorics which are equivalent to Dilworth's Theorem 
and we shall first of all describe these.

   A covering of the edges of a graph is a set C of vertices such that each edge of the graph contains at 
least one vertex of C. A matching in a graph is a set of edges which are vertex disjoint.

König's Theorem: Let G be a bipartite graph. The size of a maximal matching of G equals the size of a 
minimal covering of G. 

   Let v and w be vertices of a graph G and S a subset of vertices. We say that S is vw-separating if 
there is no path from v to w in G\S. Two paths from v to w are vertex-disjoint (or independent) if they 
only have v and w in common. 

Menger's Theorem: The maximum number of vertex-disjoint paths connecting non-adjacent vertices v 
and w is equal to the minimum number of vertices in a vw-separating set.

An edge version of Menger's Theorem can be obtained by applying Menger's theorem to the line 
graph L(G) of a graph G. The line graph of G has as its vertices the edges of G, and two vertices of 
L(G) are adjacent provided the corresponding edges of G have a common vertex.

     The term rank of a (0,1)-matrix is the largest number of 1's that can be chosen in the matrix, no two 
in the same row or column. A cover of a (0,1)-matrix is a set of rows and columns that contain all the 
1's in the matrix.

König-Egerváry Theorem: The term rank of a (0,1)-matrix is the cardinality of its smallest cover.

     A matrix with real non-negative entries is doubly stochastic if the sum of the entries in any row or 
column equals 1. A permutation matrix is a doubly stochastic matrix with entries 0 and 1 (i.e., it will 
have exactly one 1 in each row and column). A matrix A is a convex combination of matrices A1, ..., As 

if there exist non-negative reals t1, ..., ts such that A = ∑ tiAi  where ∑ ti = 1.

Birkhoff-Von Neumann Theorem: Any doubly stochastic matrix can be written as a convex 
combination of permutation matrices.

      Let S = {S1, ..., Sn} be a family (repeats allowed) of subsets of a set X. A system of distinct 
representatives (SDR) for S is a sequence x1, ..., xn of distinct elements such that xi ∈ Si ∀ i.

P. Hall's Theorem: S has an SDR if and only if the union of any k members of S contains at least k 
distinct elements.

     A network is a directed graph with two distinguished vertices, a source s and a sink t, with each arc 
assigned an integer called it's capacity. [Integer capacities are not required, but this version gives us a 
more natural relationship with the other theorems. The integer version is sometimes called the Integrity 
Theorem.]
     Let S be a set of vertices in a network and S' it's complement. An edge cut [S,S'] is the set of arcs 
which start in S and end in S'. A minimum edge cut is an edge cut whose sum of capacities is a 
minimum.



     A flow on an arc uv is the positive integer f(u,v) which is at most the capacity of the arc uv. A flow 
in the network N is an assignment of flows on each arc so that for any vertex v, f+(v) = f-(v), the sum of 
the flows into the vertex v equals the sum of the flows out of the vertex. The value of a flow in N is 
f+(s) - f-(s). 

The Max-Flow Min-Cut Theorem (The Integrity Theorem): The value of a maximum flow in a 
network N is equal to the value of a minimum cut of N. [Called the integrity theorem when capacities 
and flows are restricted to be integers.]

There is also a node form of this theorem in which the capacities are assigned to the vertices of the 
network instead of the arcs. The flow constraint at a vertex is replaced by a capacity constraint, namely 
the flow into a vertex must be no greater than the capacity of that vertex and the flow out of a vertex is 
no larger than the capacity. Edge cuts are replaced by vertex cuts (removal of a set of vertices which 
leaves no path from source to sink). The capacity of a cut is the sum of the capacities of the vertices in 
the cut. The statement of the theorem is the same with these interpretations. 

Dilworth → Hall

    Let A1, ..., An be subsets of X with the property that the union of any k of them has at least k 
elements. We construct a poset P whose points are the points of X together with the symbols y1, ..., yn. 
We define x < yi if and only if x in Ai and there are no other comparables. Let Y = {y1, ..., yn}. Now X 
is an antichain of size n. There are no larger antichains. For let S be an antichain and set J = {j: yj in S}. 
Now S contains no element of Ai for any i in J, so
                                  |S| ≤ |J| + |X| - |J| = |X|   (by the property).
Now Dilworth's theorem implies that P can be partitioned into |X| chains, each of which must contain 2 
elements, one of which is an x. The set of these x's is an SDR (since the chains are disjoint).      ▐

Dilworth's Theorem

Hall's  Theorem König's Theorem

Menger's Theorem

Max Flow – Min Cut

König- Egerváry Theorem

Birkhoff – Von Neumann Theorem



Latin Rectangles (SDR application): Let there be given an n x r Latin rectangle based on the symbols 
of [n]. The Latin rectangle can be extended to a Latin square.

   Let Si be the set of elements of [n] which do not appear in the ith column of the Latin rectangle. Each 
Si has size n-r. An element x of [n] will appear r times (in r columns) of the Latin rectangle, and so, will 
appear in exactly n-r of the Si. If some t of the Si's contained fewer than t distinct elements, then 
(counting multiplicities) there would be fewer than t(n-r) elements counted, but this contradicts the fact 
that each of the Si have size n-r. So, by Hall's theorem, an SDR exists for these sets and we may use the 
SDR to increase the number of rows of the Latin rectangle by one. This process can be repeated until 
the rectangle becomes a square. 

Hall's Theorem → König-Egerváry Theorem

     Let B be an m × n {0,1}-matrix, p the term rank of B and q the size of the smallest cover of B.

Claim: p ≤ q. Let the smallest cover of B consist of r rows and s columns. Then r + s = q, but there can 
be at most r + s independent ones, so p ≤ q.

Claim: p ≥ q. Permute the rows and columns of B so that the r rows and s columns of the smallest cover 
are in the upper left corner. The r × (n-s) matrix in the upper right corner has term rank r. To see this, 
consider this submatrix as the incidence matrix for the subsets S1,...,Sr on the elements s+1, s+2,...,n. 
(Note that none of the Si can be empty since the term rank is s + r and is minimal - the 1's in the first r 
rows are essential and not contained in the first s columns.) Suppose some t of these subsets have a 
union containing less than t elements. We could then use only those rows which cover these elements, 
which would properly cover the 1's with fewer than s+r rows and columns, a contradiction. Thus, by 
Hall's theorem, there is an SDR for these subsets implying the term rank statement. A similar argument 
can be applied to the matrix in the lower left corner, concluding that its term rank is s. Therefore, the 
term rank of B (which is p) is at least r + s (which is q). 

Hence, p = q. 

König-Egerváry Theorem ↔ König's Theorem

     Consider a bipartite graph G with bipartitions X = {x1,x2,...,xm} and Y = {y1,y2,...,yn}. Construct the 
m x n adjacency matrix A with Aij = 1 if and only if there is an edge joining xi to yj. A matching in G 
corresponds to a set of 1's in A with at most one 1 in each row and column. Thus, the term rank of A is 
the size of a maximum matching of G and so, by the König-Egerváry Theorem is also the size of a 
minimal cover of A. But, a cover of A corresponds to a set of vertices that every edge must intersect, 
i.e. a cover of G. Thus König-Egerváry Theorem → König's Theorem. Now, any {0,1}-matrix can be 
viewed as the adjacency matrix of a bipartite graph (label the rows and columns with the bipartition 
vertices.) This argument then gives König-Egerváry Theorem ← König's Theorem.

König's Theorem → Dilworth's Theorem

Let P = (X, ≤ ) be a poset with |X| = n. Define a bipartite graph G(U,V) with the partite sets U = V = X 
and (u,v) is an edge in G when u < v in P. Let m be the size of a maximum matching M in G. By 
König's theorem, there is a minimal covering C of size m. Let A be the set of elements of X which do 



not correspond to any vertex in C. A has at least n - m elements (it could be larger when C contains 
vertices which are in different partite sets but correspond to the same element of X). Let Z be a family 
of chains formed by including x and y in the same chain whenever there is an edge (x,y) in M. Z has n-
m chains. 

König-Egerváry Theorem → Birkhoff-Von Neumann Theorem

Let A be an n × n doubly stochastic matrix. There must be n positions in A with non-zero entries, no 
two in any row or column. This statement is equivalent to saying that the {0,1}-matrix B with 0's in the 
same positions as the 0's in A and 1's everywhere else, has term rank n. If B had a smaller term rank, 
then B could be covered by r rows and s columns with r+s < n. These rows and columns in A must have 
row and column sums of 1 apiece, but the sum of all entries of A is n, so
                                               n ≤ 1(r + s) < n   a contradiction.
Take the n positions in A and let c1 be the smallest entry in these positions. Consider A' = A - c1P1 where 
P1 is the permutation matrix with 1's in these n positions. The process can now be repeated since A' still 
has constant row and column sums (but now is 1-c1). A' has at least one more 0 than A, so this process 
will eventually end, giving the desired decomposition. 

Integrity Theorem ↔ Menger's Theorem

Let G(V,E) be any finite graph with vertex set V and edge set E. Let u and v be non-adjacent vertices. 
Modify G so that every edge incident with u is given an outward (away from u) direction and every 
edge adjacent to w is given an inward direction. Replace all other edges by a pair of oppositely directed 
arcs. Assign an infinite capacity to u and w and a unit capacity to all other vertices of V. The node form 
of the integrity theorem implies the maximum flow v, from u to w, equals the minimum capacity of a 
node cut separating u from w. Since all vertices of V other than u and w have unit capacities, the 
maximum interger flow f is 0,1 function which yields v independent (disjoint) uw paths. Thus, the 
minimum cardinality of a uw separating set equals the maximum number of uw independent vertex 
paths. 

Let D be a directed network with source s and sink t. Each arc a has an integer capacity ca. Replace 
each arc a by ca arcs all direct in the same way as a. The network is now a directed multigraph. By the 
edge form of Menger's theorem, the minimum cardinality of an edge separating set equals the 
maximum number of independent edges from s to t. Clearly, if one edge of a multiedge is in the 
minimum st edge separating set, every edge must be. Now the minimum number of edges in an st edge 
separating set corresponds to a minimum capacity of a cut and the maximum number of independent st 
edge paths corresponds to a maximum flow from s to t in D. Hence the minimum capacity of a cut 
equals the maximum flow from s to t.  

Integrity Theorem →  König's Theorem

Let G(X,Y) be any finite bipartite graph. Modify G by introducing a source s with arcs directed from s 
to each vertex in X and a sink t with arcs directed from every vertex in Y to t. Let c be a capacity 
function assigning an infinite capacity to s and t and a unit capacity to every element of X and Y. By the 
node form of the integrity theorem, the minimum cut capacity v equals the maximum flow from s to t. 
The minimum vertex cover of G(X,Y) corresponds to a minimum cut of the network. In addition, the 
maximum (integer valued) flow f must be such that f(e) = 1 on v independent edges of G. For 
otherwise the fact that each vertex of X and Y has unit capacity would be contradicted. Thus, the 



minimum sized vertex cover of G equals the size of an independent set of edges of G and consequently 
equals a maximum sized independent edge set. 


