
Math 7409                                 Homework 2                                              Fall 2010

1. Enumerate the equivalence classes of simple graphs on 5 vertices by using the pattern inventory as a 
guide.

The cycle index of S5 acting on 5 vertices is
                  1

120  x1
510 x1

3 x215 x1 x2
220 x1

2 x330 x1 x424 x520 x2 x3
from which we can calculate the cycle index of the action of S5 on pairs of vertices as
             PG z1 ,⋯, z6=

1
120  z1

1010 z1
4 z2

315z1
2 z2

420z1 z3
330z2 z4

224z5
220z1 z3 z6 

Now, the pattern inventory for a 2-coloring [p = present, m = missing] is
PG  pm , p

2m2 ,⋯ , p6m6= p10 p9m2p8m24p7m36p6m46p5m5⋯
            6p4m64p3m72p2m8 pm9m10

We see that there are 34 isomorphism types ( set p = m = 1) and they are:



2. Calculate the cycle index for the symmetric group S4 acting on 
a) the ordered pairs of distinct elements of {1,2,3,4}, 

                          PG z1 , z2 , z3 , z4=
1

24
 z1

126 z1
2 z2

53z2
68z3

46z4
3 

b) all the subsets of {1,2,3,4}.

                         PG z1 , z2 , z3 , z4=
1
24

 z1
166 z1

8 z2
43z1

4 z2
68z1

4 z3
46z1

2 z2 z4
3

Then enumerate the
a) loopless digraphs, 

Of the 218 isomorphism classes, there is 1 with 12, 11, 1 or 0 edges, 5 with 10 or 2 
edges, 13 with 9 or 3 edges, 27 with 8 or 4 edges, 38 with 7 or 5 edges and 48 with 6 
edges.

b) families of sets,
Of the 3984 isomorphism classes, 1 has 16 sets, 5 have 15 sets, 17 have 14 sets, 52 
13 sets, 136 have 12 sets, 284 have 11 sets, 477 have 10 sets, 655 have 9 sets and 
730 have 8 sets. The number with fewer than 8 sets, say b sets, is the same as the 
number with 16 - b sets. 
on four points up to isomorphism, by number of edges or sets.

3. Let the cyclic group of prime order p with generator g act on the set of all p-tuples of elements of 
{1,...,n} by the rule
                      (x1, ... , xp)g = (xp, x1, ... , xp-1).
By counting orbits, prove that np ≡ n (mod p).

Let G be the cyclic group of order p and X the set of p-tuples of [n] that G acts on. The 
number of orbits of this action is given by:

                                             ∣O∣= 1
∣G∣∑g∈G∣

Fixg∣.

The identity fixes every element of X, but any other element of G can only fix those 
n-tuples where all the components are the same (there are n of these). Thus, 
                                 ∣O∣ = 1

p
n p p−1n =n  1

p
n p−n

and since the number of orbits must be an integer we have p|np - n, that is,
                                                 np ≡ n mod(p).

4. A double domino is a solid 2-sided chip of wood so that each side consists of two squares joined 
along an edge. Each of the four squares is marked with a number of dots between 0 and k-1, inclusive. 
Determine the number of distinguishable double dominoes. 

The group acting on the double domino is the Klein 4-group, ℤ2 x ℤ2, and the cycle 
index is ¼(x1

4 + 3x2
2). The number of distinguishable double dominoes is the 

number of k-colorings which is  ¼(k4 + 3k2).



5. Caterpillars are trees in which the deletion of all leaves (vertices of degree 1) leaves a path. Prove 
that the number of isomorphism classes of n-vertex caterpillars is 2n−42⌊n/2⌋−2  if n≥3.

The spine of a caterpillar is the longest path in the tree with a length of say k. This 
leaves n-k pendant vertices to be attached to the spine in k-2 places (can't attach at 
one of the end vertices since that would produce a longer spine). We thus wish to 
distribute n-k identical balls into k-2 different boxes. Two caterpillars are isomorphic 
iff one is a reflection of the other about a central vertical axis (an action by ℤ2), or 
put another way, if the distribution is "palindromic", for example, 3223 or 1234321. 
If g is the non-identity element of ℤ2, then by not-Burnside's Lemma, the number of 
orbits of this action (the number of isomorphism classes) is = ½(|Fixid| + |Fixg|).  
Note that k ≥ 3 for a non-trivial caterpillar. Now

                                 ∣Fixid∣=∑
k=3

n

k−2
n−k=∑k=3

n

n−3
n−k=∑m=0

n−3

n−3
m =2n−3 .

The element g fixes the "palindromic" distributions. To count these, consider the cases 
where k is odd and even. When k is even so is k-2 and a palindromic distribution is 
possible only if n-k is even, and so n must be even. So for this case, let k = 2m and 
n = 2s and the contribution is

                                ∑
m=2

s

m−1
s−m=∑m=2

s

 s−2
s−m=∑t=0

s−2

 s−2
t =2s−2=2

n
2
−2

.

When k is odd, say k = 2m + 1, a number, j, of pendants must be attached to the 
central vertex so that n-k-j is even. We divide this into two cases, depending on 
whether n-k is even or odd. Let n-k-j = 2r. If n-k is even, 0 ≤ r ≤ ½(n-k).  If n-k is 
odd then 1 ≤ r ≤ ½(n-k-1). Since we are forming palindromes, we need only 
distribute r pendants into the first m-1 positions (and then repeat in reverse order for 
the last m-1 positions), so we have:
 

∑
m
∑
r m−1

r =∑m ∑r mr−2
r =∑m ∑r m−2r

m−2 =∑m m−1rmax
m−1 =∑m=1 ⌊ n2 ⌋−2

m−1 =2⌊
n
2 ⌋−2

.

Hence 
           ∣Fixg∣=2

⌊ n
2
⌋−2

2
⌊ n

2
⌋−2
=2

⌊n
2
⌋−1

and so ½(|Fixid| + |Fixg|) = 1
2
2n−32

⌊n
2
⌋−1

=2n−42
⌊ n
2
⌋−2

.

6. A Latin square of order n is said to be symmetric if aij = aji for all i ≠ j. A Latin square is idempotent 
if aii = i for all i. Prove that a symmetric, idempotent Latin square must have odd order.

Each element appears n times in the Latin Square. A fixed element appears exactly 



once on the diagonal by idempotentence, and an even number of times off the 
diagonal by symmetry. Thus, any element must appear an odd number of times, so 
n (the order) is odd. 

7. Let n = 2m + 1 for some positive integer m. Prove that the n x n array A = (aij) where
                                           aij ≡ (m+1) x (i + j) mod n
is a symmetric, idempotent Latin square of order n.

For any m, by the commutivity of addition, aij = aji for all i, j, so A is symmetric. 
For any i, aii ≡ (m+1)x2i ≡ (2m + 2) x i ≡ i mod n, so A is idempotent. Thus we 
need only show that A is a Latin Square. Observe that since n = 2(m+1) - 1, we 
have that (m+1, n) = 1 for any m. Suppose that in row i some element is repeated, 
that is, there are j1 and j2 so that (m+1)x(i+j1) ≡ (m+1)x(i + j2) mod n. Since 
(m+1,n) = 1 this implies j1 ≡ j2 mod n. Similarly, if in some column j we had an 
element repeated, we would obtain (m+1)x(i1 + j) ≡ (m+1)(i2 + j) mod n and 
conclude that i1 = i2, showing that A is a Latin Square. 

8. Let M be a Latin square that can be written as a block matrix X Y
Y X  , where X and Y are Latin 

squares of odd order. Prove that M has no transversal and hence, no orthogonal mate.

Clearly M must have even order, say 2n and so, X and Y are of order n (odd). 
Suppose that T is a transversal of M. If there are b entries of T in X in the first n 
rows, then there are n-b entries of T in the Y of the first n rows. This in turn means 
that there are n - (n-b) = b entries of T in X of the last n columns. Therefore, there are 
exactly 2b entries of T which are in X, but all elements of X must appear in T, so this 
contradicts the fact that X has odd order. 

9. A [k]2-covering of a graph G is a list f1, ..., fm of  functions with fi: V(G) → [k] such that for every 
edge uv of G and every ordered pair (r,s) in [k]2, there is some t such that ft(u) = r and ft(v) = s. Let 
gk(G) = the minimum number of  functions in a [k]2 covering of G. Prove that gk(Kn) = k2 if and only if 
there exists a family of n-2 mutually orthogonal Latin squares of order k.

 Label two of the vertices of Kn with r and c. For any [k]2-covering of Kn, form a 
table whose columns are indexed by the vertices of Kn and whose rows are indexed by 
the functions of the [k]2-covering. The entries of the table are the values of the row 
function at the column vertex. If gk(Kn) = k2, then every pair (s,t) in [k]2 in a 
unique row in columns r and c. We will use these ordered pairs to label a cell in a k x 
k square. For each other column of our table (n-2 of these) we form a square by 
placing the value in a row of the column into the cell labeled by the r and c entries of 
that row. The covering property shows that the squares formed this way are Latin 
squares of order k and also that any two of these squares are orthogonal. It is easily 



seen that this procedure is reversible and we can obtain a minimal [k]2-covering from 
a set of n-2 MOLS of order k. 

10.  Let m and n be positive integers, m < n. Show that m ≤ ½n is a necessary and sufficient condition 
for the existence of a Latin square of order n containing a Latin subsquare of order m.

Suppose that m ≤ ½n and start with a Latin Square of order m. Extend this Latin 
Square to a Latin Rectangle by extending the rows with new symbols m+1, 
m+2, ..., n in such a way that no new symbol appears twice in any new column 
(this can be done cyclically for instance). As a consequence of Hall's Marriage 
theorem we know that we can extend this m x n Latin Rectangle to an n x n Latin 
Square. Clearly, this Latin Square contains our original Latin Square of order m 
as a subsquare.

Now suppose that L is an n x n Latin Square containing a Latin Subsquare 
M of order m.  Permute the rows and columns of L so that the subsquare M is in the 
upper lefthand corner. None of the m elements of M can appear again in either the 
rows to the right of M or the columns below M, they must all appear in the lower 
righthand (n-m) x (n-m) subsquare of L. So we must have n - m ≥ m, giving us the 
result. 


