
Homework Problems #1

1. Prove combinatorially that

                           n1
ab1=∑k=0

n

kan−kb 
Hint: Arrange some subsets of {0,1, ...,n} in increasing order and consider the entry in 
each of these in the a+1st position. 

The LHS clearly counts the number of subsets of size a+b+1 in an (n+1)-set, which we will  
take to be {0,1, …, n}.  To obtain the RHS we count these subsets in the following way:  
Arrange each subset of size a+b+1 in increasing order and let k be the entry in the a+1st 

position. Note that k can be any element of the set. For any of these subsets the elements in  
the first a positions must all be less than k, so a elements chosen from {0,1,...,k-1} must fill  

these positions, thus there are ka choices for these. In the final b positions, the entries  

must all be greater than k, and so, there will be n−kb  choices of b elements from {k+1,  

k+2, …, n}. Summing over all possible values of k will give all subsets of this size.

2. Prove the identity

                          m1
k1 =∑i=k

m

 ik
in at least three ways: by induction, from a binomial expansion formula, and by 
counting paths from (0,0) to (m+1,k+1) in the X-Y plane where steps are only allowed 
to be (x,y) → (x+1,y) or (x,y) → (x+1,y+1). Then use this identity to show that the 
number of solutions of 
                              x1x2⋯x k n  

in non-negative integers is nkk  .

By induction on m: For m = 0 we must have k = 0 and the statement is true. Assume the  
statement is true for m-1 and all values of k that are less than or equal to m-1.  Then, using  
the Pascal identity, and the induction hypothesis we have:

                  m1
k1=  mk1mk =∑

i=k

m−1

 ikmk =∑i= k
m

 ik
By binomial expansion: Consider the identity,
 

1xm1−1 = x [11x1x 2⋯1x m ] = x∑
i=0

m

1x i   (sum of a geometric series)

Now consider the coefficient of xk+1 on both sides to get the result.
By path counting: Refer to the (x,y) → (x+1,y) steps as A steps and the (x,y) → (x+1,y+1) 
steps as B steps. The paths from (0,0) to (m+1,k+1) must consist of m+1 steps of which  

exactly k+1 must be B steps. Thus, the number of paths is m1
k1  . Every such path must  

have a last B step which starts at the point (i,k) where k ≤ i ≤ m. The paths to this point have i  



steps of which k must be B's. So, for each i, we have  ik paths, and thus, there are

∑
i=k

m

 ik paths in total.

Since the number of solutions in non-negative integers of x1x2⋯xk=i  is  ki  the 

total number of such solutions of x1x2⋯x k n is                    

∑
i=0

n

ki  =∑i=0

n

ik−1
i =∑i=0

n

ik−1
k−1 = ∑

j=k−1

nk−1

 j
k−1= nkk   

where the last equality is the identity we have been working with.

3. Show that

                  ∑
k=m

n

S n ,k  s k ,m =mn

where S(n,k) are Stirling numbers of the first kind and s(k,m) are Stirling numbers of 
the second kind [δmn  is the “delta function” equal to 1 if m = n and 0 otherwise.]

We know (see notes) that for Stirling numbers of the second kind we have

x k =∑
m=0

k

s k , m xm   ,

while for Stirling numbers of the first kind we have

x n=∑
k=0

n

S n ,k  xk   .

By combining these formula we obtain,

x n=∑
k=0

n

S n ,k ∑
m=0

k

s k ,m x m  .  

We simplify and interchange the summations (carefully note the changes to the index limits)
obtaining, 

x n= ∑
m=0

n

∑
k=m

n

S n ,k  s k ,m x m  .

Since (x)m is a monic polynomial of degree m we have the result. [This result can be used to  
show that the falling factorials form a basis for the vector space of polynomials.]

4. A computer is to be used to calculate values of binomial coefficients. The largest 
integer which can be handled by the computer is 32767. Four possible methods are 
proposed:

(a) nk= n!
k! n−k !

(b)  nk= nn−1⋯n−k1
k !

(c)   n0= 1,    nk= n−k1
k  n

k−1  for k0

(d)   n0=nn=1,    nk = n−1
k−1 n−1

k   for 0kn  (i.e., Pascal's Triangle).



For which values of n and k can nk be calculated by each method? What can you 

say about the relative speed of the different methods?

In order to preserve integer arithmetic we shall assume that any algorithm will carry out all  
multiplications before doing any divisions. Also, we will avoid trivial computations by  
assuming that k > 1 and that k need not be larger than ½n.  In method (a), the dominant term 
is the n! of the numerator (it is at least as large as the other factorials). The largest value of n  
is 7 since 7!=5040 and 8! = 40,320 which is larger than 32,767. This will work for each k in  
the range of 0 ≤ k ≤ 7. In method (b), the largest value for k is 7, but the numerator will in  
general be the larger term and so dominate the computation. The largest n for k = 7 is 11  
since (11)7 = 7,920 and (12)7 = 95,040. However, the largest n for k = 6 is 10 since (10)6 = 
5,040 but (11)6 = 55,440. Similarly, the maximum n when k = 5 is also 10. If n = 8 this method  
will calculate the binomial for all 0 ≤ k < 8. For method (c), the dominating term under our  
assumption is the previous binomial coefficient. To find the largest value of n which works for  

all k, we examine the expressions for which knk32,767 where k ~  ½n. This occurs when 

n = 14 and k = 7. Larger values for n can be obtained, but not for all k. Finally, method (d)  will  
work to provide all the results for a given n provided no value on that row exceeds 32,767.  
This occurs when n = 17. Again, larger n's can be computed, but not for all k.

Doing an operation count for each method gives: (a) 2(n+k-1) -1 multiplications and 1  
division, (b) 2(k-1) multiplications and 1 division, (c) k multiplications and k divisions, and (d) a  
little less than 1 + 2 + 3 + ... + n-2 = ½n2 - 3/2 n + 1  additions. Since multiplications and  
divisions are essentially equivalent, we see that (a) with 2(n+k-1) operations is slower than (b)  
with 2k - 1 operations which is almost equivalent to (c) with 2k operations. Since additions are  
much faster than multiplications/divisions, a comparison of the last method with the others  
depends on how much faster this is. However, with the small numbers involved, the last  
method is likely to be faster than the others (as long as it is not programmed with recursive  
calls.)

5. Prove that 

                         ∑
n1n2n3=n n

n1 , n2 , n3−12n1−n22n3 = 1

where the summation extends over all non-negative integral solutions of n1 + n2 + n3 = 
n.

Consider the trinomial theorem,
x1x2 x3

n= ∑
n1n2n3=n n

n1 , n2 , n3 x1
n1 x2

n2x 3
n3

and let x1 = x3 = z2 and x2 = 1/z. With these replacements we have

                z2
1
z
z2

n

=∑  n
n1 , n2 , n3 z2n1 z−n2 z 2n3 =∑ n

n1 , n2 , n3 z 2n1−n22n3  .

Let z = -1 to prove the result.

6. Prove that the number of partitions of the positive integer n into parts each of which is 



at most 2 equals ⌊ n
2
⌋1 .

For any n, ⌊ n2 ⌋ is the largest number of 2's in any partition of n into parts each of which is  

at most 2. The coarsest partition of this type (the one with the fewest number of parts) has  
this many parts of size 2. Any finer partition (having more parts) can be obtained from the  
coarsest partition by dividing some 2 parts into two 1's. The partitions of the type we want are  

obtained from the coarsest partition by splitting from 0  to ⌊ n2 ⌋ of the 2 parts. So, the 

number of them is ⌊ n2 ⌋ + 1.

7. Give a combinatorial proof of the identity

                           nm = m1
n−1 .

The LHS counts the number of distributions of m identical balls into n distinct boxes with no  
restrictions. We can represent such a distribution with a sequence of n + m -1 dashes and  
bars, where there are m dashes representing the balls and n-1 bars representing the  
separators between the n boxes. By exchanging the dashes and bars, we obtain a  
distribution of n-1 balls (dashes) into m+1 boxes (using m separators). The obvious bijection  
between these distributions proves the identity.

8. Give a combinatorial proof that the number of partitions of [n] such that no two 
consecutive integers appear in the same block is the Bell number B(n-1).

Consider a partition of [n-1]. Find a maximal consecutive sequence of integers i, i+1, ..., j of  
length at least 2 contained in a single block of the partition. Form a new block containing n  
and the elements j-1, j-3, ... . Repeat for another maximal consecutive sequence, putting the  
elements in the same block that contains n. Repeat until there are no other such sequences.  
This process produces a partition of [n] with no two consecutive integers in the same block.  
The process is reversible; given a partition of [n], take any element r (other than n) in the  
block containing n and move it to the block containing r+1 [which can not be the block  
containing n since otherwise r and r+1 would have been in the same block]. This isomorphism  
shows that the number of partitions of [n] with this property is the same as the number of  
partitions of [n-1], which is B(n-1).
 

9. Fix 1 ≤ k ≤ n. How many integer sequences 1 ≤ a1 < a2 < ... <ak ≤ n satisfy ai ≡ i mod 2 
for all i?

Given a sequence which satisfies the condition, define bi = ai – i + 1. Each bi is odd and 1 ≤ b1 

≤ b2 ... ≤ bk ≤ n - k + 1.  Conversely, given the bi's we can uniquely recover the ai's. In the set  

[n-k+1] there are m= ⌊ n−k2
2 ⌋ odd integers, so the number of sequences of the bi's, the 



answer we are looking for,  is mk  = mk−1
k  = ⌊ nk2 ⌋

k   .

10.New York City has about 7 million residents; suppose that each has 100 coins in a jar. 
The coins come in 5 types (pennies, nickels, dimes, quarters, half-dollars). Two jars 
are equivalent if they have the same number of coins of each type. Is it possible that 
no two people have equivalent jars?

The question asks if the number of 100-sets chosen from a 5 multiset is greater than 7 million  

or not. Since  5
100= 1005−1

100 = 104
100 = 4,598,126 is less than 7 million, there must  

be people with equivalent jars.


