
  

Symmetric
    Balanced
        Incomplete
           Block
              Designs
                           are not symmetric!



  

Symmetric Designs

     If in a BIBD we have v = b (and thus r = k), we say that 
the BIBD is symmetric or square (maybe,  projective). 

The term symmetric is a poor choice inherited from the 
statistical history of the subject. The incidence matrices of 
these designs are not symmetric matrices. Attempts to change 
the term have all failed.



  

Symmetric Designs

Theorem  - In a symmetric (v,k,λ) - design, any two blocks 
have exactly λ elements in common.

Proof: Let A be the incidence matrix of the design. We have 
that
                             AAT   = (r - λ)I +  λJ
and, from the first proof of Fisher's Inequality, that,
                          det (AAT) = rk(r -λ)v-1.
Since  λ(v-1) = r(k-1) and v > k, we must have r > λ, thus 
det (AAT) > 0. Also since the design is symmetric, it's 
incidence matrix is square and we have det(A) = det(AT), so 
we may conclude that det(A) ≠ 0, thus A-1 exists.



  

Symmetric Designs
Theorem  - In a symmetric (v,k,λ) - design, any two blocks have exactly λ elements in 
common.

Proof (cont.)
Now, consider the calculation,
               AATA = ((r-λ)I + λ J)A = A((r-λ)I +  λJ) = AAAT   
since JA = AJ (= kJ). We may multiply by A-1 to conclude 
that
                                   AAT   = ATA.
The (i,j)-th entry in the product on the left is λ if i ≠ j, 
however this entry in the product on the right is the inner 
product of columns i and j of A, i.e., it gives the number of 
elements in common in the two blocks which are 
represented by these columns. 



  

Dual Designs
     Given a symmetric (v,k,λ)-design, D, we can form its 
dual design Dd by interchanging the roles of the varieties 
and the blocks, that is, we number the blocks of D in any 
manner and the set of varieties of Dd is the collection of 
numbers used, the blocks of the dual are associated to the 
varieties of D in the following manner, for each variety of D 
we form a block of Dd by using all the numbers 
corresponding to the blocks of D which contain this variety. 
The last theorem then tells us that every pair of varieties in 
Dd is contained in the same number of blocks of Dd. It is 
clear that if A is the incidence matrix of the design D, then 
AT is the incidence matrix of Dd. It is also not hard to see 
that the dual of the dual design is the original design. 



  

Dual Designs
 The parameters of the dual design are the same as those 
of the original. It may turn out that the dual of a design is 
the original design, in which case we say that the  design 
is self-dual.
   Consider the (4,3,2)- design given earlier, for clarity we 
will label the blocks with letters, so
   A = {1,2,3}    B = {2,3,4}    C = {3,4,1}   D = {4,1,2}. 
The dual design is based on the set {A,B,C,D} and its 
blocks are
    1 - {A,C,D}    2 - {A,B,D}   3 - {A,B,C}   4 - {B,C,D}.
It is not difficult to see that this dual design is actually the 
original design with A = 1, B = 2, C = 3 and D = 4, so this 
design is self-dual.



  

Residual Designs
     Another design that can be obtained from a symmetric 
(v,k,λ)-design is the residual design. Pick a block from 
the original design, remove it and remove all of its 
varieties from the remaining blocks, the result is the 
residual design. By our theorem, each of the blocks of the 
original design has λ varieties in common with the 
selected block, so the new blocks all have size k -λ. Each 
variety that remains appears in as many blocks as it did 
before, that is in r = k blocks. Also, any pair of remaining 
varieties will still appear together in λ  blocks. The new 
design then has v - k varieties and only one fewer block, 
so it is a (v-k, v-1, k, k-λ, λ) -design.



  

Residual Designs
 Consider the following symmetric (11,5,2)-design based on 
{0,1,2,...,10};
{1,3,4,5,9}  {2,4,5,6,10}  {0,3,5,6,7}  {1,4,6,7,8}  {2,5,7,8,9}      
        {3,6,8,9,10} {0,4,7,9,10} {0,1,5,8,10} {0,1,2,6,9}                
                                {1,2,3,7,10} {0,2,3,4,8}.
 We form the residual design obtained by removing the first 
block and all its elements to get;
        {2,6,10}  {0,6,7}  {6,7,8}  {2,7,8}  {6,8,10}  {0,7,10}            
                     {0,8,10}  {0,2,6} {2,7,10}  {0,2,8}
which is a (6,10,5,3,2) - design. 

It should be noted that by selecting different blocks to remove, 
one might obtain non-isomorphic residual designs. 



  

Derived Designs
     Yet another design that is obtained from a symmetric 
(v,k,λ)-design is the derived design. To construct this 
design, we again select a block and remove it, and 
remove from all the remaining blocks all varieties which 
are not in the selected block. This will leave us with a
(k,v-1,k-1,λ,λ-1)- design. λ must be greater than 1.

 In the previous example, again selecting the first block 
we obtain the derived design;
{4,5}  {3,5}  {1,4}  {5,9}  {3,9}  {4,9}  {1,5}  {1,9}  {1,3}  {3,4}
which is a (5,10,4,2,1) - design. Again it is possible to 
obtain  non-isomorphic derived designs by selecting 
different blocks. 



  

Bruck-Ryser-Chowla

For symmetric BIBD's, there is an additional constraint on 
the parameters.

Bruck-Ryser-Chowla Theorem: The following conditions 
are necessary for the existence of a symmetric BIBD:
1. If v is even, then k -λ  is the square of an integer.
2. If v is odd, then the following equation has a solution in 
integers  x,y,z not all of which are 0:
                            x2  = (k-λ)y2  + (-1)(v-1)/2λz2  

     The proof of this result for odd v involves some very deep 
results from number theory and so we will not give it.



  

Bruck-Ryser-Chowla
Let A be the incidence matrix for a symmetric block design. 
Recall that in the first proof of Fisher's Inequality we 
calculated the determinant of AAT and obtained:
                      det (AAΤ) = [r + λ(v-1)](r-λ)v – 1

Now, since the design is symmetric, A is a square matrix, r 
= k and r + λ(v-1) = k + k(k-1) = k2. Thus the determinant 
becomes,
                       (det A)2 = k2(k-  λ)v-1.
So, if v is even, the RHS can be a square if and only if k-  λ 
is a square. This proves part 1 of the Bruck-Ryser-Chowla 
theorem. 



  

Parameters
All of the results on the parameters of a BIBD that we have 
given have been necessary but not sufficient. That is, we 
can use them to rule out the existence of a BIBD for certain 
sets of parameters, but given a set of the parameters which 
satisfy all these conditions does not mean that there 
actually exists a BIBD with those parameters. There are 
many sets of possible parameters for which the existence 
question has not been settled.

  Thus, a symmetric (111, 11, 1)-design does not exist even 
though these parameters satisfy all the conditions that we 
have given.



  

A Special Family of symmetric 
BIBD's

Symmetric designs with λ = 1 are known as finite 
projective planes. The order of a design is k – λ. 

While we won't prove it now, a finite projective plane of order n 
is equivalent to a complete set of Latin squares of order n.

Some existence results for finite projective planes are 
given in the following table:



  

Finite Projective Planes
             Finite Projective Planes of Small Order
  Order 2 3 4  5 6 7 8 9 10 11 12 13 14 15  16  17  18 19 20 
   #       1 1 1 1  0 1 1 4  0  ≥1 ??  ≥1 0   ?? ≥22 ≥1 ?? ≥1 ?? 
 
Notes:
1. The only known projective planes have orders that 
are prime powers.
2. (Bruck-Ryser Theorem) If q ≡ 1 or 2 mod(4) and a 
projective plane of order q exists, then q is the sum of 
two integral squares (one of which may be 0).
3. The order 10 was eliminated by a massive computer 
search.



  

Finite Projective Planes
             Finite Projective Planes of Small Order
Order 2 3 4 5 6 7 8 9 10 11 12 13 14 15  16  17 18 19 20 
 #       1 1 1 1 0 1 1 4  0  ≥1 ??  ≥1 0   ?? ≥22 ≥1 ?? ≥1 ?? 

Notes:
4. For each prime or prime power there is a standard 
construction  that gives a projective plane of that order.
5. For prime orders, only the above construction is known 
to give a plane. It is conjectured that there are no others.
6. The fact that there are exactly 4 projective planes of 
order 9 was established by a large computer search.



  

Finite Projective Planes
If n (= k – λ = k − 1) is the order of a projective plane, 
then there are n+1 points on each block and every two 
blocks have a unique point in common. Consider a 
fixed point P. Each of the n+1 blocks containing P 
contains n other points (r = k = n+1). No point other 
than P is in more than one of these blocks (otherwise λ 
= 1 is violated) and every point of the design is in one 
of the blocks (again λ = 1 with P being one of the 
points). So, we have a total of 1 + (n+1)(n) = n2 + n + 1 
= v points in total.
    Thus finite projective planes are 
            (n2 + n + 1, n + 1, 1) symmetric designs and by 
convention we assume n ≥ 2.



  

Smallest Projective Plane

With n = 2 we would get the (7,3,1) symmetric design. 
This design is unique (and we have seen it already)!

We prove uniqueness by construction … that is, by 
constructing the design with no free choices. [Choices 
made are wlog due to the existence of automorphisms.] 

As points we will use the integers 1,2,...,7. As there will be 
7 blocks, we can assume that one block has the form 
{1,2,3}. There must be two more blocks containing each of 
these points and so we have:



  

Projective Plane of order 2

                {1,2,3} {1, ?, ?} {1, ?, ?}
                           {2, ?, ?} {2, ?, ?} 
                           {3, ?, ?} {3, ?, ?}



  

Projective Plane of order 2

                {1,2,3} {1, x, y} {1, z, w}
                           {2, ?, ?} {2, ?, ?} 
                           {3, ?, ?} {3, ?, ?}



  

Projective Plane of order 2

                {1,2,3} {1, x, y} {1, z, w}
                           {2, x, ?} {2, ?, ?} 
                           {3, x, ?} {3, ?, ?}



  

Projective Plane of order 2

                {1,2,3} {1, x, y} {1, z, w}
                           {2, x, z} {2, ?, ?} 
                           {3, x, w} {3, ?, ?}



  

Projective Plane of order 2

                {1,2,3} {1, x, y} {1, z, w}
                           {2, x, z} {2, y, ?} 
                           {3, x, w} {3, y, ?}



  

Projective Plane of order 2

                {1,2,3} {1, x, y} {1, z, w}
                           {2, x, z} {2, y, w} 
                           {3, x, w} {3, y, z}



  

PG(2,q)
There is a general construction which gives a certain type of 
projective plane for orders that are primes or prime powers.

Construction: Let V be the 3-dimensional vector space 
over a finite field of order q. Take as points of a design the 
1-dimensional subspaces of V. Take as blocks the 2-
dimensional subspaces. A point is in a block if and only if 
the 1-d subspace is contained in the 2-d subspace. This is 
a (q2+q+1, q+1, 1) symmetric design, i.e. a projective 
plane of order q which is denoted by PG(2,q). 



  

PG(2,2)
Since the projective plane of order 2 is unique, the general 
construction must give the example we have looked at.

Each 1-dim subspace consists of the zero vector together 
with exactly one non-zero vector (there are 7 of these). 

The 2-dim subspaces are:                 blocks
(0,0,0), (1,0,0), (1,0,1), (0,0,1)              {1,2,4}
(0,0,0), (1,0,0), (1,1,0), (0,1,0)              {1,6,5}    
(0,0,0), (1,0,0), (1,1,1), (0,1,1)              {1,3,7} 
(0,0,0), (1,0,1), (1,1,0), (0,1,1)              {2,6,7}
(0,0,0), (1,0,1), (1,1,1), (0,1,0)              {2,3,5}
(0,0,0), (1,1,0), (1,1,1), (0,0,1)              {6,3,4}
(0,0,0), (0,0,1), (0,1,0), (0,1,1)              {4,5,7}



  

New Designs from Old

Since λ = 1, projective planes have no derived designs.

It can be shown that the PG(2,q) projective planes are self-
dual, but other projective planes need not be.

The residual design of a projective plane is an 
(n2, n2+n, n+1, n, 1)-design called an affine plane. The 
affine planes which come from the PG(2,q)'s are all 
isomorphic but for general projective planes this need not 
be true.



  

Another Family of BIBD's
A symmetric design with λ = 2 is called a biplane.

Whereas we can construct an infinite number of finite 
projective planes, only a finite number of biplanes are 
known. These (v,k,2) designs exist for k = 2, 3, 4, 5, 6, 9, 
11 and 13.
Examples:

k = 2 :            {1,2} {1,2}

k = 3:             {1,2,3}   {2,3,4}   {3,4,1}   {4,1,2}.

k = 4:             {3,5,6,7}  {4,6,7,1}  {5,7,1,2}  {6,1,2,3}
                      {7,2,3,4}   {1,3,4,5}  {2,4,5,6}



  

Biplanes
As a consequence of the Bruck-Ryser-Chowla 
Theorem:

Theorem: For a biplane
  (i) if k = 2 or 3 mod 4, then v is even and k-2 is a 
square.
  (ii) if k = 0 or 1 mod 4, then 
                z2 = (k-2) x2 + (-1)(v-1)/2 2y2 
has a solution in integers not all zero.



  

Biplanes

It is easy to see that the values k = 7, 8, 10 and 12 are 
eliminated by this theorem.

Since the biplanes are symmetric designs, r = k and we 
may solve for v in the equation λ(v-1) = k(k-1), i.e.
                      v = 1 + ½(k2 – k) = ½(k2 -k + 2).

k v
7 22
8 29

10 46
12 67

For k = 7 and 10 the biplanes do not exist since 5 and 8 
are not squares. 



  

Biplanes
  For k = 8, we have v = 29 and so examine the equation
                                   z2 = 6x2 + 2y2.
 If there is a solution, there is a solution with x,y and z being 
relatively prime, so assume this is so. Clearly, in a solution, 
z must be even, so let z = 2m and rewrite the equation as 
                                 2m2 = 3x2 + y2.
Consider this equation modulo 3, 2m2 ≡ y2 mod 3. If m is 
not a multiple of 3, then 2m2 ≡ 2 mod 3, but 2 is not a 
square mod 3. Thus 3 divides m (and so, 3 | z) which forces 
3 to divide y.

 Returning to the original equation we see that 9 | 6x2, so 3 
must divide x. →←
                      k = 12 is left as an exercise. 



  

Known Biplanes
The biplanes with k = 2, 3, 4 and 5 are unique.

There are 3 biplanes with k = 6 (up to isomorphism).

There are 4 biplanes with k = 9  (computer search)

There are 5 known biplanes with k = 11.

There are 2 known biplanes with k = 13.

                        Can you find any more?



  

Hussain Chains
With a biplane we can associate graphs on k vertices, these 
were introduced by Hussain in 1945 and are often called 
Hussain chains.

In a biplane B choose one of the blocks, called the 
indexing block, and index its elements from 1 to k. Since 
each pair of blocks intersect in exactly 2 points, every 
other block is indexed by a unique 2-set of indices. Each 
point P not in the indexing block is contained in k of these 
blocks and so can be represented by k 2-subsets. We can 
visualize this representation as a subgraph <P> of K

 k
 

which consists of k edges. Alternatively, we can describe 
these graphs as being on the k indices and two vertices 
are joined iff the other block that contains them also 
contains P.  <P> is called a Hussian graph (or chain).



  

Hussain Chains
Lemma: Each Hussain graph is regular of degree 2.

Pf: Let X be a point of the indexing block y. X and P are in 
2 blocks, say u and w. Each of these blocks meets y in a 
second point, and these must be distinct. 

Lemma: Distinct Hussain graphs <P> and <Q> have two 
edges in common.

Pf: The points P and Q are distinct and not in the indexing 
block, so are contained in two blocks. These blocks give 
edges in <P> and <Q>.



  

Complete Sets of Hussain Graphs

A complete set of Hussain graphs is a set of ½(k-1)(k-2) 
regular graphs of degree 2, on a set of k vertices, such 
that any two meet in exactly two edges. 

It is well known that a regular graph of degree 2 is the union 
of disjoint cycles. 



  

Example: k = 4
A complete set of Hussain graphs consists of 3 graphs on 4 
vertices, each of which must be a 4-cycle, and any two 
have 2 edges in common.

Note that the two common edges can not have a vertex in 
common since the two blocks can not have another point in 
common.

1                   2

   4                   3

1                   2

   4                   3

1                   2

   4                   3



  

Biplanes and Hussain Graphs
Theorem: A biplane with block size k is equivalent to a 
complete set of Hussain graphs on a set of k vertices. 

Pf: Given a biplane, we clearly obtain a complete set of 
Hussain graphs, so consider the converse. Given a 
complete set of Hussain graphs, G

i
, 1≤ i ≤ (k-1)(k-2)/2 on 

the vertex set Y we construct a design whose points are 
(a) the vertices of Y and (b) the symbols (i) for i = 1,2, ...,
(k-1)(k-2)/2. The blocks of the design are (a) the symbol 
y and (b) the unordered pairs {X,Y} of distinct vertices of 
Y. The incidence rules are: A vertex X of Y is on y and on 
every block {X,Z} for Z ≠ X, and a point (j) is on {W,Z} if 
WZ is an edge of G

j
.



  

Biplanes and Hussain Graphs
Theorem: A biplane with block size k is equivalent to a complete set of Hussain graphs 
on a set of k vertices. 

Pf (cont): The number of points is k + (k-1)(k-2)/2 = k(k-
1)/2 + 1 which is the number of blocks.  A point P in Y is 
on y and on the k-1 blocks {P,Q} for P ≠ Q, while a point 
(j) is on {P,Q} if PQ is an edge of G

j
. But a regular graph 

of degree 2 on k vertices has k edges, so all elements 
appear k times. Finally, if P and Q are distinct vertices of 
Y then they are on 2 blocks, y and {P,Q}, while if (i) and 
(j) are distinct points, then since G

i
 and G

j
 have exactly 

two common edges, these points are on 2 blocks. If P is 
a vertex of Y, then for a fixed i, P is on exactly two edges 
of G

i
, so P and (i) are on exactly 2 blocks.



  

Biplanes and Hussain Graphs

Theorem: A biplane with block size k is equivalent to a complete set of Hussain graphs 
on a set of k vertices. 

Pf (cont): It remains to show that every block has k 
elements. This is left as a homework assignment.



  

Biplanes and Hussain Graphs
Let's return to the k = 4 example to see this construction.

1                   2

   4                   3

1                   2

   4                   3

1                   2

   4                   3

              G
1
                      G

2
                       G

3

Points : 1, 2, 3, 4, (1) = 5, (2) = 6, (3) = 7

Blocks: y = [1,2,3,4]  {1,2} = [1,2,5,6]  {1,3} = [1,3,6,7]
{1,4} = [1,4,5,7]  {2,3} = [2,3,5,7]  {2,4} = [2,4,6,7]
{3,4} = [3,4,5,6]



  

Biplane of order 2

We have just constructed the biplane of order 2, a 
symmetric (7,4,2)- design. 

The complementary design is a (7,7,3,3, 7 -2(4) + 2) – 
design, i.e. a symmetric (7,3,1) design … the projective 
plane of order 2.

Since the complementary design is unique, so is the 
original design.

Since the biplane of order 2 is unique, it must be self-dual.
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