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Introduction

Hamming codes are relatively easy to encode and decode, and have a nice link to
projective geometry.  Hamming codes are single-error correcting codes. Beutelspacher
and Rosenbaum describe the codes via a parity check matrix.  To begin, I have listed a
few definitions from the text that may be of help.

Dual code
Let C ⊆ V be a code. The dual code C⊥ is defined by the following:

C⊥  := {v ∈ V  | v ⋅ c = o, ∀ c ∈ C }.

Minimum distance
The minimum distance of a code C ⊆ V is the smallest number of positions in which two
vectors c and c’ of C differ.

Minimum weight
The minimum weight w(C) of a code C is the minimum of all weights of vectors c ∈ C
where c is not the all zero vector.

Parity check matrix
Let C ⊆ V be a linear [n, k]-code.  A matrix H whose rows form a basis of the dual code
C⊥ is called a parity check matrix  of C.

Syndrome
Let H be a parity check matrix of the linear code C ⊆ V.  For any vector v ∈ V, the
syndrome of v, s(v) is defined as follows:

s(v) := v ⋅ H T

where H T is the transpose of H.

t-error correcting code
Let t be a positive integer. A subset C ⊆ V = {0, 1}n  is called a t-error correcting code if
any two distinct elements v,w ∈ C satisfy the following:

d (v, w) ≥ 2t + 1

where the function d is a metric on V that denotes the number of positions in which two
vectors differ. Or, C ⊆ V = {0, 1}n  is called a t-error correcting code if the minimum
distance of C is at least 2t + 1.

Weight
The weight w(v) of a vector v ∈ V is the number of non-zero positions of v.
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And So We Begin...

Definition:
For a binary r × 2r − 1 matrix whose columns are all of the binary vectors of length r
different from o (the zero vector of length r), Ham (r) is called the Hamming Code of
length n, where n := 2r − 1  for r a positive integer.  Ham (r) is defined  with a parity
check matrix H, as follows:

Ham (r) := {c = (c1, c2, ... , cn) ∈ {0, 1}n  | c ⋅ H T = o}

The codewords of Ham (r) are these vectors c of length n such that c ⋅ H T, the inner
product, is the zero vector of length r.

For example, the following 16 vectors comprise the Hamming Code, Ham (3) where the
parity check matrix H T is as indicated:

1 1 0
0 1 1
1 1 1

H T  = 1 0 1
1 0 0
0 1 0
0 0 1

0000000 1111111
0001101 1110010
1000110 0111001
1101000 0010111
1010001 1011100
0100011 1001011
0011010 1100101
0110100 0101110

Figure 1

Theorem:
A Hamming Code is a 1- error correcting code.

Proof
If Ham(r) contained a vector c of weight 1, then c would have 1 in the ith position and
zero in all other positions.
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By definition of Ham (r) it would follow that c⋅H T = o.  This would mean that the ith row
of H T must be o.  This is a contradiction of the definition of H T.  So Ham(r) has a
minimum weight of at least 2.

If Ham(r) contained a vector c of weight 2, then c would have 1 in the ith and jth
positions and zero in all other positions.

In order for c⋅H T = o it would have to be true that the sum of the ith and jth rows of H T

must be o.  This is a contradiction since the columns of H T must be distinct.  So Ham(r)
has a minimum weight of at least 3.

From lemma (5.2.1) in the text, we have that for linear codes, d(C) = w(C) where d(C) is
the minimum distance of C and w(C) is the minimum weight of C.

d(C) ≥ 3, therefore the minimum distance of C is at least 2t + 1 where t = 1.

Thus C is a 1-error correcting code.

Definition:
A t-error correcting code C ⊆ V is called perfect if any vector of V has distance t or less
from exactly one codeword.  In other words, a code C is perfect if the spheres of radius t
centered around the codewords c fill the whole vector space V.

Lemma (5.3.2):
Let V = {0, 1}n, and let C ⊆ V be a 1-error correcting code.  Then the following is true:

|C| ≤  _2n_
          n + 1

with equality if and only C is perfect.

Proof
The number of vectors in a sphere S(c) around a codeword is to be calculated.  S(c)
consists of the vector c and all vectors that are distance 1 from c.  Since c is of length n,
there are exactly n vectors distance 1 from c (each differs in a different position).  Thus
the following is true:
|S(c)| = n + 1.

Because C is a 1-error correcting code, the spheres S(c) around the codewords c must be
mutually disjoint.  Therefore the spheres of radius one centered around the codewords c
cover exactly

|C|⋅ (n + 1)

vectors of V.
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V consists of 2n vectors, so the following must be true:

|C|⋅ (n + 1) ≤ 2n.

Equality holds if and only if all vectors of V lie in a sphere of radius 1 around a codeword
c.  This means that C would be perfect:

|C|⋅ (n + 1) = 2n. Q.E.D

Corollary:
Any perfect 1-error correcting code C ⊆ {0, 1}n has a length n of the form n = 2r − 1.

Proof
|C|⋅ (n + 1) = 2n implies that (n + 1)| 2n, meaning that n must be of the form 2r − 1. Q.E.D

Theorem:
Hamming codes are perfect 1-error correcting codes.  This implies the following:

|Ham(r)| ⋅ (n + 1) = 2n.
Thus:

|Ham(r)| =  _2n_ .
                   n + 1

In Hamming codes, syndrome decoding can be arranged in such a way as to minimize
storage and make decoding trivial.  Recall that for H T we could chose any r × 2r − 1
matrix whose rows are the nonzero binary r-tuples.  So it is possible to interpret the rows
of H T as binary representation of the integers 1, ..., 2r − 1.  We can order the rows in such
a way that the ith row si is the representation of the integer i.  Thus:

0 0 0 1 1 1 1
H = 0 1 1 0 0 1 1

1 0 1 0 1 0 1

0 0 1
0 1 0
0 1 1

H T  = 1 0 0
1 0 1
1 1 0
1 1 1

Figure 2a
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The codewords for this particular representation of H T are as follows:

Figure 2b

Theorem (5.3.4):
Let Ham (r) be the code that is constructed using the matrix H T whose ith row si is the
representation of the integer i.  Then for each vector v ∈ V\C its syndrome s(v) is the
value si for which v – ei ∈ C.  (ei is the vector of weight 1 that has a 1 at the ith position.)
In other words, the syndrome of an erroneous vector shows at which position the error
occurred.

Proof
Let ei be the vector of weight 1 at the ith position.  Since the code Ham (r) is perfect, any
vector v ∈ V\C is of the form v = c + ei for a codeword c and some integer i.

s(v) = v ⋅ H T = (c + ei) ⋅ H T = (c ⋅ H T) + (ei ⋅ H T) = ei ⋅ H T = si.  Q.E.D

One can see that s(v) is the ith row of H T.  Since this represents the number i, one can
easily find the position of the error.

When a vector x is received, one computes its syndrome, interprets this r-tuple as an
integer i, and adds to x the error vector ei thus obtaining the corresponding codeword.

Example:

Using H T as above, decode the following binary messages:

a)  1101011

[1101011] ⋅ H T = [1 1 0]

[1 1 0] can be interpreted as 1102 = 6.  Therefore, we know that we
need to add e6 to the vector in order to obtain the correct codeword.

[1101011] + [0000010] = [1101001]

0000000 1111111
1110000 0001111
1001100 0110011
1000011 0111100
0101010 1010101
0100101 1011010
0011001 1100110
0010110 1101001
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b)  0011010

[0011010] ⋅ H T = [0 0 1]

[0 0 1] can be interpreted as 0012 = 1.  Therefore, we know that we
need to add e1 to the vector in order to obtain the correct codeword.

[0011010] + [1000000] = [1011010]

Geometric Interpretation

Hamming codes are indeed linked to geometry.  Consider the Hamming code Ham(3),
with codewords as we have listed before, together with the projective plane P of order 2.
When using the Hamming code Ham(3) as given in Figure 2a, order the points of P as
follows:

All codewords of Ham(3) have length 7.  We can assign to any codeword c a
corresponding set of points S(c) where Pi ∈ S(c) if and only if c has a 1 in its ith position.

Remarkably, the point sets of P that correspond to codewords of Ham(3) are the empty
set (c = [0000000]), the full point set (c = [1111111]), the lines of P, and the
complements of the lines of P.

It can be shown geometrically that Ham(3) is a perfect 1-error correcting code.  It suffices
to show that any set of points S (x) ∉ Ham (3) can be transformed into a codeword c ∈
Ham (3) by adding or subtracting only one point.

All vectors of weight 1 get decoded to the all zero codeword.

Vectors of weight 2 get decoded to the unique line incident with the two
points.

Vectors of weight 3 either correspond to codewords or a triangle of P.  A
triangle can be made into a quadrangle by adding one point.  A quadrangle
is the complement of a line, and therefore a codeword.
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Example:   Decode 1100010

S (x) = {P1, P2, P6}

This is a triangle of P, so we must make it into a quadrangle by
adding one point – this point is P5.

Thus 1100010 decodes to 1100110.

Vectors of weight 4 are either quadrangles, and thus codewords, or a line
together with a non-collinear point.  By subtracting the non-collinear
point, the vector can be decoded to a line.

For vectors of weight 5, one must realize that a 5-point set of P is the
union of two lines of P.  By removing the intersection of the two lines, one
is left with a quadrangle. A quadrangle is the complement of a line, and
therefore a codeword.

Example:   Decode 0111011

S (x) = {P2, P3, P4, P6, P7}

This set contains the lines P3 P4 P7 and P2 P4 P6 of P, so we must
make it into a quadrangle by removing the point of intersection –
this point is P4.

We are then left with the set {P2, P3, P6, P7}.  This is a quadrangle
which is the complement of a line, and therefore a codeword.

Thus 0111011 decodes to 0110011.

All vectors of weight 6 get decoded to the codeword that consists of all
ones.

Extended Hamming Codes

It is possible to extend existing codes by one or more digits to obtain an “extended code”.
The extended code may have stronger error detection or error correction capabilities.
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Definition:
The following procedure generates the extended Hamming code, Ham(r)* .  When given
a Hamming code Ham(r), we can extend each codeword of Ham(r) by one position.  This
is done by adding a 0 or 1 to the codeword, such that the weight of the codeword is even.
Ham(3)*   based on the code Ham(3) as indicated in Figure 2a consists of the following
codewords:

Figure 3

Theorem (5.3.5):
Ham(r)*  is a linear [2r, 2r − 1 − r]-code with minimum distance 4.

Proof
Let c1* and c2* ∈ Ham(r)* such that c1 and c2 are the corresponding codewords of
Ham(r).  The vector c1*+ c2* will be identical to c1 + c2 in the first 2r – 1 positions.

If c1 + c2 has odd weight then we can, without loss of generality, assume that c1 has odd
weight and c2 has even weight.  Thus the last entry of c1* is 1 and the last entry of c2* is
0.  It follows that the last entry of c1* + c2* must be 1.  So the last position of c1* + c2* is
1 if w(c1 + c2) is odd.

If c1 + c2 has even weight then c1 and c2 must be either even or both odd.  In either case,
their last positions have the same entry.  Since 0 + 0 = 0 and 1 + 1 = 0, the last entry in
c1*  + c2* must be zero. So the last position of c1*  + c2* is 0 if w (c1 + c2) is even.

Therefore, Ham (r)* is a vector space.  Additionally, since Ham (r)* and Ham (r) have
the same number or elements, the two vector spaces have the same dimension.

We have shown that Ham (r)* is a linear [2r, 2r − 1 − r]-code.

In order to show that the minimum distance of Ham (r)* is 4, the following will suffice.
First, note that because the minimum weight of Ham (r) is 3, it must be true that the
minimum weight of Ham (r)* ≥ 3.  So assume that Ham (r)* has minimum weight 3, this
would mean that there would have to be a vector on Ham (r)* that had weight 3.
However, all vectors of Ham (r)* have even weight.  Thus the minimum weight and
therefore the minimum distance must be 4. QED

00000000 11111111
11100001 00011110
10011001 01100110
10000111 01111000
01010101 10101010
01001011 10110100
00110011 11001100
00101101 11010010
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Additionally, it is not difficult to generate a parity check matrix H* for Ham (r)* from
parity check matrix H for Ham (r).

Theorem (5.3.6):
For H a parity check matrix of Ham (r), one can generate H* of Ham (r)* by the
following operations:

i) Adjoin a zero to each existing row of H.
ii)  Add an additional row to H that consists entirely of ones.

Thus, we would get a parity check matrix, H T* based on H T as found in figure 2a:

1 0 0 1
0 1 0 1
0 0 1 1

H T  = 1 1 0 1
1 0 1 1
0 1 1 1
1 1 1 1
0 0 0 1

Figure 4


