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The Gewirtz Graph is the unique strongly regular graph having parameters (56, 10, 0, 2).
We will call this graph Γ. This graph was actually discovered by Sims, but Gewirtz later
studied it extensively and proved its uniqueness in 1969 [6]. Besides being unique for its
parameter set, the Gewirtz graph provides a rare example of a strongly regular graph with
λ = 0 and µ = 2, each of which gives the graph many interesting properties. This graphs’
automorphism group of order 80,640 makes this graph very interesting algebraically as well.
In this paper we will describe some of the many constructions of this graph, as well as touch
on the connections this graph has to hyperovals, generalized quadrangles, biplanes, and the
search for a projective plane of order 10.

Constructions of the Gewirtz Graph

The Gewirtz Graph can be described in different ways, each of which illustrates im-
portant properties of its automorphism group as well as connections to other graphs and
incidence structures. As we touch on each construction, we will note the relevance to prop-
erties of the graph that will be discussed later in the paper.

Construction 1: One common construction of the Gewirtz Graph comes from the hy-
perovals in the unique projective plane of order 4 in the following way: PG(2, 4) contains
168 hyperovals, which are partitioned into three orbits of size 56 by the action of PSL(3, 4)
on the plane. If we let the ovals in one of these orbits be the vertex set V , with two vertices
adjacent when the corresponding ovals are disjoint, we get the Gewirtz Graph. This con-
struction allows us to see the action of PSL(3, 4) of order 20160 acting point-transitively
on Γ, which is a large subgroup of the full automorphism group that is closely related to
the sporadic simple Mathieu groups. This construction is closely related to Luneberg’s con-
struction of the 5− (24, 8, 1) design (whose automorphism group M24 is a Mathieu group)
as a three-times extension of PG(2, 4). This construction yields a series of designs which
are called quasi-symmetric, each of which gives rise to a strongly regular graph. We will
return to the relation between Γ and these other graphs later.

Construction 2: The next construction, due to Sims, relies more heavily on group the-
ory. Let P be the set of Sylow 3-subgroups of A6 and let Q be the set of involutions in A6.
To construct the Gewirtz Graph, let V = P ∪Q∪{∞}. Let∞ be joined to everything in P.
For P ∈ P and q ∈ Q, let P ∼ q whenever q−1Pq = P . Finally, for q1, q2 ∈ Q, let q1 ∼ q2

iff q1q2 has order 4. This illustrates the action of A6 as a subgroup of the vertex-stabilizer
of a fixed point (namely ∞) acting by conjugation on the subgroups in P and Q (thinking
of the involutions as subgroups of order 2).
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Construction 3: Γ is triangle-free, since λ = 0. Triangle-free strongly regular graphs
are very rare and are a topic of considerable interest. We can relate some (v, k, 0, µ) triangle-
free strongly regular graphs having µ > 1 with certain 2− (v, k, k− 1) designs. For a design
D = (X ,B), let V = {∞ ∪ X ∪ B. Join the symbol ∞ to everything in X, and define
adjacency between X and B in terms of incidence; however incidence between elements of
B needs to be decided by the context. In particular, to construct Γ let D be the pair design
on 10 vertices (i.e. blocks are edges of the complete graph K10). To determine incidence
between elements of B we will view X as the set of points on a projective line over GF (9).
If {a, b} and {c, d} are two disjoint elements of B, we will let them be adjacent if their
cross-product, which Cameron [4] defines as (a−c)(b−d)

(a−d)(b−d) , is a primitive fourth root of unity in
GF (9). The cross-product is a function on four mutually collinear points that is invariant
under changes of basis and collineations of the surrounding projective space. (Admittedly,
I don’t understand what Cameron is doing. I find cross-products confusing, but if we are
viewing X as points on the projective line, we should view them as equivalence classes of
vectors over GF (9) having form (α, β), in which case the formula for the cross product of
the four points in the dijoint blocks in D represented by {(α1, β1), (α2, β2)} and {(α3, β3),
(α4, β4)} would be (α1β3−α3β1)(α2β4−α4β2)

(α1β4−α4β1)(α2β3−α3β2)
, with∞ being an allowed value for the cross-ratio

and considering a result of 0
0 to be = 1. I think Cameron is oversimplifying cross-ratios

because they make no sense.)

Construction 4: This construction starts with a larger graph, namely the Higman-
Sims graph. This graph is the unique strongly regular graph with parameters (100, 22, 0, 6),
which was discovered by Sims in 1968. The uniqueness of this graph was, once again, proven
by Gewirtz in 1969. If we take an edge in the Higman-Sims graph, and look at the subgraph
induced on the vertices that are not adjacent to either endpoint of that edge, we get the
Gewirtz graph. The Higman-Sims graph is closely related to the McLaughlin graph and the
M22 graph, both associated with Γ through Construction 1, but is only indirectly related
to the extensions of PG(2, 4).

Construction 5: The final construction we give relates to the Fano plane. An antiflag
in the Fano plane is a nonincident point-line pair. The Fano plane has 28 antiflags. If
we view these antiflags as vertices of a graph, with (P1, l1) and (P2, l2) adjacent whenever
P1 6= P2, l1 6= l2, P1 6∈ l2 and P2 6∈ l1, we get the Coxeter graph. Γ can be split into
two copies of the Coxeter graph, as illustrated by the following construction. Let V be two
copies of the set of antiflags of the Fano plane, with incidence within each set defined as for
the Coxeter graph. An antiflag (P1, l1)′ from the first set will be adjacent with an antiflag
(P2, l2)′′ if either (P1, l1) = (P2, l2) or if P1 ∈ l2 and P2 6∈ l1.
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Extensions of PG(2, 4)

The projective plane of order 4 is very special because it is the only symmetric two-design
that is twice extendable, from a 2−(21, 5, 1) design to a 3−(22, 6, 1) design to a 4−(23, 7, 1)
design. In fact, this design can be extended again to a 5 − (24, 8, 1) design. Designs with
λ = 1 are often referred to as Steiner systems. These designs are obtained from PG(2, 4)
by adjoining three new points ∞1, ∞2 and ∞3 along with new blocks related to the three
orbits of hyperovals and the three orbits of Baer subplanes under PSL(3, 4), as well as the
symmetric differences of distinct lines. Since Γ can be descibed by one such orbit of hy-
perovals, it would make sense for Γ to arise in connection with this family of designs. The
connection comes from a special property of the 4− (23, 7, 1) design D, which is unique for
its parameters. The size of intersections of two distinct blocks of this design takes on only
two distinct values; we describe this property by saying that D is quasi-symmetric. If we
consider the graph with vertices the blocks of such a design and incidence between two block
when their intersection takes on the larger value, we get a strongly regular graph known as
the block graph of the design. The block graph of D is the complement of the McLaughlin
graph on 253 vertices having parameters (253, 112, 36, 60). The 3−(22, 6, 1) design, which is
the derived design Dp of the 4-design, also has this property, as do the point-residual designs
of both the 3 − (22, 6, 1) and the 4 − (23, 6, 1) design. The 3 − (22, 6, 1) has a block graph
whose complement is called the M22 graph, with parameters (77, 16, 0, 4). The complement
of Γ comes up as the block design of the point-residual of the 3− (22, 6, 1) design (i.e. Dqp).

As one would imagine from the construction of these graphs, the Gewirtz Graph Γ is
a subgraph of both the McLaughlin graph and the M22 graph. Two more graphs arise in
connection with the design D; these are the block designs for the point residual design Dp

and for the double point residual design Dpq, both of which are quasi-symmetric. These
two graphs are respectively (the complements of) the unique strongly regular graphs hav-
ing parameter sets (176, 70, 18, 34) and (120, 42, 8, 18); I could not find names for nor much
information on these two graphs. They are (understandably) subgraphs of the McLaughlin
Graph. We speak of these graphs in terms of their complements because the valency is
smaller and they are thus easier to discuss. As mentioned earlier, there is a less direct con-
nection between these designs and the Higman-Sims graph. In particular, the Higman-Sims
can be constructed from the 3 − (22, 6, 1) design by a technique similiar to Construction 3
of Γ by viewing this design as a 2− (22, 6, 5) design.

Triangle Free Strongly Regular Graphs

In the discussion of the strongly regular graphs associated with extensions of PG(2, 4),
there arose three graphs having λ = 0 namely the M22 graph, the Higman-Sims graph,
and Γ. It turns out that these three graphs make up a rather large portion of the known
nontrivial triangle-free strongly regular graphs. An arbitrary (v, k, 0, µ) strongly regular
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graph with µ = 0 corresponds to a Moore Graph with diameter 2. These graphs have been
well-studied, the three known examples being C5, the Petersen graph, and the Hoffman-
Singleton graph. There is possibly one further example having valency 57, but its existance
is an open problem. Along with the Clebsch graph, formed as an extension of the Petersen
graph, these make up the seven known examples of such graphs, with the next smallest
open case being a (162, 21, 0, 3) graph [7] (this result is as of 1995 and is maybe outdated,
though I don’t think an eighth has been found). Being triangle-free gives the Gewirtz
graph a connection to three-class association schemes through [10]. If a triangle free graph
with µ = 2 has k > 5 then its second subconstituent (the graph induced on non-neighbors
of a given point) forms a regular graph with exactly four eigenvalues, which can be used
as one of the relations in such a scheme; Γ is the only known graph satisfying the hypothesis.

Connections to Quadrangles

Generalized quadrangles are an important class of partial geometries. The point collinear-
ity graph of a partial geometry is usually strongly regular. While Γ itself is not the point
collinearity graph of a generalized quadrangle, it is closely related to the unique GQ(3, 9).
This GQ is constructed from the points and lines in PG(5, 3) that are contained in an el-
liptic quadric Q−(5, 3). The point collinearity graph of this GQ is referred to by Brouwer
as the O−(6, 3) graph [1] and is unique with parameters (112, 30, 2, 10); it is also the first
subconstituent of the McLaughlin graph (the subgraph induced on the neighbors of a given
point). There are 324 different ways to partition the 112 vertices of this graph into two
isomorphic copies of the Gewirtz graph. We can see this relation through the dual GQ(9, 3)
which is called H(3, 9). The generalized quadrangle H(3, q2) arises from a hermitian form
on PG(3, q2) and is in general dual to the generalized quadrangle Q−(5, q). The connection
to the Gewirtz graph comes from what is known as a hemisystem. If q is odd, a hemisys-
tem of H(3, q2) is a set R of lines such that each point in the GQ is on exactly (q + 1)/2
lines of R. This concept was introduced by Segre, who found a hemisystem in H(3, 9) that
was stabilized by PSL(3, 4) (which is a large subgroup of Aut(Γ)). In [5] it is shown that
a hemisystem of H(3, q2) gives rise to an incidence structure called a partial generalized
quadrangle, as well as a decomposition of the point graph of Q−(5, q) into strongly regu-
lar graphs. The unique hemisystem of H(3, 9) gives rise to the split of the point graph of
Q−(5, 3) into two copies of Γ.

The 2− (56, 11, 2) Biplane and the Search for a Projective Plane of order 10

Given the point adjacency matrix A of Γ, let us look at the matrix A+ I. Each row and
column now contains exactly 11 nonzero entries. Two rows or columns that correspond to
nonadjacent vertices of Γ have exactly two common nonzero entries, corresponding to the
two common neighbors of those vertices. Two rows of columns corresponding to adjacent
vertices of λ also have two common nonzero entries, corresponding to themselves and each
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other. Thus A + I is the incidence matrix of a square two-design, a 2 − (56, 11, 2). Recall
that a a square 2-design with λ = 2 is called a biplane. The way we obtained this biplane
gave us a symmetric incidence matrix with ones on the diagonal. Recall that a correlation
of a square design is an isomorphism with its dual, and a polarity is an involutory duality.
The correlation implied by taking the transpose of this incidence matrix can be seen to be
a polarity with every point absolute (meaning each point is incident with its image under
the polarity). We could similiarly have started with a 2− (56, 11, 2) biplane having such a
polarity and constructed Γ from it. There are exactly five biplanes having these parameters
and all are self-dual, but only one of these biplanes admits such a polarity [8]. These bi-
planes played an important role in the search for a projective plane of order 10. For a square
2 − (v, k, λ) design, the order of the design is defined to be n = k − λ. The 2 − (56, 11, 2)
biplanes thus have order 9. There exists a coding-theoretic technique for constructing, for
odd n, a projective plane of order n + 1 from certain biplanes of order n. This technique
involves using ovals through a fixed point in the design to construct minimum-weight code-
words which can be used to recreate the plane. However, none of these biplanes has enough
ovals to apply the technique (though the one corresponding to Γ comes the closest). See [9]
for a closer look at this story, as well as some information on some of the other biplanes.

80,640 Automorphisms?!?

We will conclude with a brief discussion of Aut(Γ). In [2] the full group is described
as L3(4) · 22. The L3(4) refers to PSL(3, 4), the projective special linear group. I am
imagining the ·22 refers to a cartesian product with Z2

2, but I have not been able to find
a description of this notation. PSL(3, 4) is a very large group, having order 20,160, and
we are able to see its point transitive action on the vertices of Γ through Construction 1
from an orbit of hyperovals under PSL(3, 4) in PG(2, 4). The group PSL(3, 4) is some-
times referred to as M21 because of its connection to the sporadic Mathieu groups. The
Mathieu groups arise as automorphism groups of the designs that are extensions of PG(2, 4).
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