
Math 6023 Midterm Exam
1. Let E be an extension of a square 2-design D. Show that if D is

not the projective plane of order 4, then E has no extension.

Solution: Let D be a 2− (vD, kD, λ) design and E a 3− (vE , kE , λ) design. By
Theorem 1.35, the only extendable square 2-designs have parameters:
(a) vD = 4λ+ 3, kD = 2λ+ 1 (Hadamard 2-designs),
(b) vD = (λ+ 2)(λ2 + 4λ+ 2), kD = λ2 + 3λ+ 1, and
(c) vD = 495, kD = 39 and λ = 3.
Since E is an extension of D we have vE = vD + 1, kE = kD + 1 and rE = vD. We
can calculate

bE =
vErE
kE

.

Using Proposition 1.33, we have that if E is extendable, then (kE + 1)|bE(vE + 1).
Applying this to the three cases leads respectively to the following three divisibility
conditions:
(a) (2λ+ 3)|32λ2 + 64λ+ 30,
(b) (λ2 + 3λ+ 3)|λ7 + 15λ6 + 91λ5 + 288λ4 + 514λ3 + 522λ2 + 280λ+ 60, and
(c) 41|(6138)(497).
Carrying out the implied divisions and examining remainders shows:
(a) 2λ+ 3 must divide 6, so λ < 2. λ = 1 does not work and λ = 0 gives a trivial

design.
(b) (λ2 + 3λ+ 3) must divide −2λ− 12, so λ < 3. λ = 2 does not work, and λ = 0

gives a trivial design, but λ = 1 satisfies the condition.
(c) The prime 41 does not divide either of the two numbers in the product.
Thus, the only possibility for extendability of E occurs in case (b) with λ = 1 and
that corresponds to D being the projective plane of order 4.

2. Prove that the complement of the triangular graph T(5) is the
Petersen graph.

Solution: The triangular graph T(5) has as vertices the 2-subsets of {1, 2, 3, 4, 5},
with two vertices being adjacent iff their intersection is nontrivial. Thus, the com-
plement of T(5) would have the same vertex set with vertices adjacent iff their
intersection is empty. This is the most commonly found definition of the Petersen
graph. [Ok, so this one was too easy, sorry!]

3. Let H be a Hadamard matrix of order n > 2. Define D(H) as
follows: Let the points be the ordered pairs (i,+1) and (i,-1) and the
blocks be [i,+1] and [i,-1] for each i = 1,2,...,n. The point (i,a) is on the
block [j,b] iff hij = ab where hij is the (i,j)th entry of H.
Show that:
(a) Any three distinct points (or blocks) of D(H) are incident with either

0 or n/4 common blocks (or points).
(b) Given a point P (or block y) of D(H), there is a unique point P’(or

block y’) such that P and P’ are on no common block (or y and y’
are disjoint).
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(c) Any two distinct points (or blocks) of D(H) are incident with either
0 or n/2 common blocks (or points).

Solution: We first note that since H is a Hadamard matrix, so is H>. The
structure D(H>) is the dual of D(H). Thus, anything we prove about points of
D(H) is also true of the points of D(H>) which are the blocks of D(H).

We will now construct the incidence matrix M of D(H). Order the points and
blocks in the natural order of their first coordinates with all pairs with a +1 sec-
ond coordinate first followed by all those with a -1 second coordinate. That is,
(1,+1),(2,+1), ...,(n,+1),(1,-1),(2,-1),...,(n,-1). With this ordering it is easily veri-
fied that:

M =
1
2

([
H −H
−H H

]
+ J2n

)
.

We will consider the ±1 matrix
[

H −H
−H H

]
since M is obtained from it by converting

the -1’s to 0’s. First note that the rows corresponding to (i,+1) and (i,-1) for any
i are negatives of one another, thus there is no block that can contain two such
points. Therefore, if three points are on a common block, say (i,a), (j,b) and (k,c),
then i,j and k are distinct. Suppose that we have such a triple of points. For each
of a, b or c that is negative, interchange the row of that point with the row of the
corresponding point with the opposite second coordinate. Such row interchanges
amount to a relabeling of the the points and thus do not effect the structure of
the design. The effect on H of this interchange is to multiply the corresponding
row of H by -1. This changes H but does not destroy its Hadamardness. We may
therefore assume that a, b and c are all +1. Now consider the row (i,+1). For
each entry of -1 in the first n columns, interchange the column, say [w,+1], with its
corresponding column [w,-1]. Again, this does change the design since we are only
permuting the blocks and the effect on (the new) H is to multiply a column by -1,
again not destroying the Hadamardness of the submatrix. After these interchanges,
the row of (i,+1) consists of n +1s followed by n -1s. In our new matrix, with H
replaced by the Hadamard matrix H’, the three points are in the first n rows and
all blocks that contain all three are in the first n columns, with the row of the first
of the points consisting of all +1s in the first n columns. We can now apply the
same proof as used to show that the order of a Hadamard matrix is divisible by 4
to show that there are exactly n/4 columns of H’ which have +1 entries in each of
our three rows, thus proving (a).

Now calculate,

MM> =
2n
4

[
I + J J − I
J − I I + J

]
.

The entries in this matrix are (off the diagonal) the number of blocks containing
two points. As each row contains a unique 0, for any point there is a unique other
point such that the two points are contained in no block, proving (b). The other
non-diagonal entries are all n/2, showing that any two points that are in a common
block are in n/2 blocks, proving (c).

4. A biplane is a square 2-(v,k,2) design. Show that there is no biplane
with k = 7, 8 or 10.

Solution: We will apply the Bruck-Ryser-Chowla theorem (1.21). Using the fact
that for these designs 2(v−1) = k(k−1) we calculate that for k = 7 we have v = 22,
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for k = 8 we have v = 29 and for k = 10 we have v = 46. In the k = 7, 10 cases, v
is even, so a necessary condition for the existence of the design is that n = k− λ is
a square [please make this correction in your text], but 5 and 8 are not squares so
these biplanes do not exist. When k = 8, v is odd and the necessary condition is
that the diophantine equation

z2 = nx2 + (−1)(v−1)/2λy2

has a nontrivial integer solution. In our case this is, z2 = 6x2 + 2y2. If a solution
exists, we can assume that it is minimal, that is the gcd(x, y, z) = 1 (there is no
common factor). Consider this equation mod 3, z2 ≡ 2y2 mod 3. If y 6≡ 0 mod 3
we can divide by y2 and get the contradiction that 2 is a square mod(3). Thus we
must have 3|y. Returning to the original equation, we have that 3 divides the right
hand side, so 3 divides z2, and hence z. But then, 9 divides the right hand side
and so we must have that 3 divides x, contradicting the fact that gcd(x, y, z) = 1.
So, this biplane does not exist either.

5. Let D be a 2 − (v, k, λ) design and suppose that any two distinct
blocks of D meet in either α or β points with α < β. Let Γ be the graph
whose vertices are blocks of D, with two vertices of Γ being joined if
the corresponding blocks meet in β points. Prove that Γ is a strongly
regular graph.

Solution: Let M be the incidence matrix of the design (with rows representing
blocks and columns representing points). Then, M>M = (r − λ)I + λJ has eigen-
values r− λ+ λv = rk with multiplicity 1 (corresponding to the eigenvector j) and
r − λ with multiplicity v − 1. Now MM> has the same non-zero eigenvalues as
M>M with the same multiplicities (and in particular, the eigenvector for the eigen-
value rk is also j, but with a different length), but has in addition the eigenvalue 0
with multiplicity b− v. On the other hand, we have

MM> = kI + βA+ α(J − I −A) = (k − α)I + (β − α)A+ αJ,

where A is the adjacency matrix of Γ. So, on the space j⊥, the matrix A has just the
two eigenvalues (r−λ−k+α)/(β−α) with multiplicity v−1, and −(k−α)/(β−α)
with multiplicity b− v. By Proposition 2.19, Γ is a strongly regular graph.


