
The Remarkable Number 6
We will be concerned with the complete graph K6. A 1-factor of K6 is a set of

three pairwise disjoint edges. A 1-factorization of K6 is a partition of the ( 6
2 ) = 15

edges of K6 into 5 1-factors.

6.1. Theorem. There are six different 1-factorizations of K6, any two isomorphic.
Two disjoint 1-factors are contained in a unique 1-factorization.

Proof. The union of two disjoint 1-factors is a graph, all of whose vertices have
degree 2. Thus, it is the union of cycles which must be of even length since each
cycle has the same number of edges from each 1-factor. However, the smallest
possible such cycle has length 4 leaving the impossible cycle of length 2 as its
complement, so this union must be a single 6-cycle (a hexagon). A 1-factor disjoint
from these two either consists of the three long diagonals of the hexagon, or one
long diagonal and the two perpendicular short ones as below (in red):

Figure 1. Two triples of disjoint 1-factors

Since there are three long and six short diagonals, the remaining 1-factors in a
1-factorization containing the first two must be of the second type and so are deter-
mined by the first two 1-factors. This proves the uniqueness of the 1-factorization
(up to isomorphism). Now there are 15(8) = 120 choices of two disjoint 1-factors and
any 1-factorization contains 5(4) = 20 such pairs, so there are 6 1-factorizations. �

Each of the 6 1-factorizations is isomorphic to the following one:

Figure 2. 1-factorization of K6

This situation is actually very special.

6.2. Theorem. Six is the only natural number n for which there is a construction
of n isomorphic objects on an n-set A, invariant under all permutations of A, but
not naturally in one-to-one correspondence with the elements of A.

Proof. Let G be the symmetric group on A, and let H be the automorphism group
of one of the n objects. Then H is a subgroup of index n in G which is not the
stabilizer of a point of A.
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Suppose first that H fixes a proper subset of A, of size k, where 0 < k < n. (Such
a group is intransitive). Then, since G permutes k-sets transtitively, the index of
H in G is divisible by the number ( nk ) of k-sets. This is only possible if k = 1 or
n− 1 and H is a point stabilizer, contrary to assumption.

Suppose next that H fixes a partition of A into parts of size r, where r divides
n, 1 < r < n. (Such a group is imprimitive.) Then, as before, n is divisible by the
number n!/((r!)n(n/r)!) of such partitions, which is impossible.

Suppose next that H contains a 3-cycle. For a, b ∈ A write a ∼ b if either a = b
or aτ = b for some 3-cycle τ . This relation is reflexive and symmetric, and is also
transitive, since two 3-cycles which move a common point generate the alternating
group of degree 4 or 5. This argument also shows that, if a ∼ b ∼ c, then the
3-cycle (abc) is in H. By the preceding paragraph, ∼ is the universal relation, and
H contains all 3-cycles. But the 3-cycles generate the alternating group, which has
index 2 in G; and, for n = 2, the alternating group fixes a point.

A similar but easier argument shows that H contains no transpositions.
Now consider the ( n2 ) transpositions in the symmetric group. These are dis-

tributed among the n−1 proper cosets ofH. If two transpositions moving a common
point, say (ab) and (ac), lie in the same coset of H, then (ab)(ac)−1 = (abc) ∈ H,
which is impossible. So each coset must contain n/2 pairwise disjoint transpositions,
defining a 1-factor, and we obtain a 1-factorization of A preserved by H.

Now the stabilizer of a 1-factor has index at most n − 1 in H, and so, index at
most n(n − 1) in G. But there are (n − 1)!! = (n − 1)(n − 3) · · · (3)(1) 1-factors,
permuted transitively by G. So, n(n − 1) ≥ (n − 1)!!, which implies that n ≤ 6.
Since n = 4 is easily excluded, we are left with n = 6. �

This result can be expressed in various ways in different areas of mathematics.
For instance, in group-theoretic language, the symmetric group of degree n has
an outer automorphism if and only if n = 6, and in category-theoretic language,
the category whose objects are the n-element sets and whose morphisms are the
bijections between them has a non-trivial functor to itself if and only if n = 6.

It follows abstractly from (6.2) that, if X denotes the set of 1-factorizations of
the 6-set A, then the set of 1-factorizations of the 6-set X is naturally in one-to-
one correspondence with A. Let us see how this works. Any 1-factor is contained
in exactly two 1-factorizations. This can be seen by observing that there are 8
ways to add a second 1-factor to form a hexagon (6 1-factors share an edge with
a given 1-factor), and each 1-factorization contains four of these. Conversely, two
1-factorizations share a unique 1-factor. So the 1-factors (of A) can be identified
with pairs of 1-factorizations (of A), that is, the edges of X. Now any edge is
contained in three 1-factors, and clearly no two of these can be contained in the
same 1-factorization; so edges (of A) correspond to factors of X. Finally, a point
of A lies in five edges, no two of which are in a common factor; so points of A
correspond to 1-factorizations of X.

We call the 6-sets A and X dual if they stand in this relation, that is, each is
bijective with the set of 1-factorizations of the other.

We now use (6.1) to construct a projective plane of order 4. Let A be a 6-set.
Define a structure whose points are the elements and 1-factors of A, and whose
lines are the edges and 1-factorizations. The incidence relation holds between a
point and an edge containing it, between an edge and a 1-factor containing it, and
between a 1-factor and a 1-factorization containing it. Now notice that two edges
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either intersect in a unique point or are contained in a unique 1-factor. Two 1-
factorizations intersect in a unique 1-factor and an edge and a 1-factorization are
incident with a unique 1-factor. Thus, every pair of “lines” intersect in a unique
“point”. Similarly, two elements determine a unique edge, two 1-factors either have
a unique edge in common or determine a unique 1-factorization, and an element
and a 1-factor are incident with a unique edge. Hence, every pair of “points” are
incident with a unique “line”. Non-triviality is easy to check and the counts show
that we have constructed a projective plane of order 4.

6.3. Theorem. There is, up to isomorphism, a unique projective plane of order
4. It has the property that any four points, no three collinear, are contained in a
unique hyperoval and a unique Baer subplane.

Proof. We have already seen that any quadrangle (4 points no three collinear) in
a projective plane of order 4 determines a unique hyperoval and a unique Baer
subplane. To prove this result we have to show that the structure of a projective
plane of order 4 containing a hyperoval Ω (a 6-set) is uniquely determined.

There are ( 6
2 ) = 15 lines meeting Ω in two points; they can be labeled with the

edges of Ω. Now a point outside of Ω lies on three lines meeting Ω; the corresponding
edges form a 1-factor, which can be used to label the point. Finally, let ` be an
exterior line of Ω. Each secant line (edge) meets the exterior line in a point (1-
factor), so the 5 points of ` form a 1-factorization, which can be used to label `.
Thus, we have recovered our original construction. �

6.4. Remark. Consider the graph Γ whose vertices are the points of a projective
plane of order 4 outside of a hyperoval Ω, where two vertices are adjacent if the line
joining them is a secant line of Ω. This graph is the 15-vertex graph of (2.3)(c). To
see that condition (*) holds, observe that the triangles of the graph are triples of
points that pairwise are on secant lines. If the three points are not collinear, then
the secant lines they determine form a 1-factor of Ω, but as the above construction
shows, all 1-factors of Ω determine a unique point outside of Ω, so the three points
must be collinear on a secant line `. Now let y be any other point of Γ. Two of
the three secants through y meet Γ at the points of `, so the third secant through
y must meet ` in exactly one of the three points.

We now consider Moore graphs. The diameter of a graph Γ is the maximum
distance between two vertices of Γ. The girth of a graph Γ is the number of vertices
in the shortest cycle in Γ. A Moore graph is a connected graph with diameter d
and girth 2d+ 1. It can be shown that Moore graphs must be regular. The unique
Moore graph with diameter 1 is K3. If d > 2 then a Moore graph is just the cycle
C2d+1. Thus, the interesting case for Moore graphs occurs when d = 2. A Moore
graph of diameter 2 and girth 5 is a strongly regular graph with λ = 0 and µ = 1,
and furthermore must have degree 2, 3, 7 or 57. For k = 2 the unique Moore graph
is the pentagon (C5) and for k = 3 it is the Petersen graph. The existence of the
Moore graph with k = 57 is unknown. We will denote a Moore graph of diameter
2 and degree k by M(k), and shall now investigate M(7).

Let {∞, 0} be an edge in the Moore graph Γ of diameter 2 and valency k, and let
A = Γ(∞)\{0}, X = Γ(0)\{∞}. Any further vertex has a unique neighbor in each
of the sets A and X, and so, can be labeled with with the pair (a, x) ∈ A×X. Every
pair in A×X labels a unique vertex. So the vertex set is {∞, 0}∪A∪X ∪ (A×X).
We know all the edges except for those within A×X.
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Furthermore, given a1, a2 ∈ A and x1 ∈ X, there is a unique common neighbor
of the non-adjacent points (a1, x1) and a2, that is, a unique x2 ∈ X such that
(a1, x1) is joined to (a2, x2).

From this we can see the uniqueness of the Petersen graph; for, if A = {a, b} and
X = {x, y}, then we must have edges {(a, x), (b, y)} and {(a, y), (b, x)}.

We can also see the non-existence of a Moore graph of degree 4. Let A = {a, b, c}
and X = {x, y, z}. If (a, x) is joined to (b, y), then both of these vertices must be
joined to (c, z), creating a triangle.

We now give the construction of the Hoffman-Singleton graph, the unique Moore
graph of degree 7, M(7). Let A and X be dual 6-sets. Note that the edges of A
correspond to 1-factors ofX and dually. Take the vertex set {∞, 0}∪A∪X∪(A×X),
with the edges already specified. In addition, join (a, x) to (b, y) if and only if {a, b}
is an edge of the 1-factor corresponding to {x, y} (or dually). We obtain a graph
of degree 7 on 50 vertices. To show that it is a Moore graph, it suffices to show
that the girth is 5. We can easily see that any cycle of length less than 5 must
be contained in A×X. The non-existence of triangles follows from the properties
of 1-factors and 1-factorizations, and the non-existence of quadrangles by a similar
argument.

We can again prove uniqueness using the following lemma.

6.5. Lemma. M(7) does not contain an induced subgraph isomorphic to M(3) with
an edge deleted.

Proof. �

6.6. Theorem. There is, up to isomorphism, a unique Moore graph of diameter 2
and degree 7.

Proof. Let Γ be such a graph, and write the vertex set as {∞, 0}∪A∪X ∪ (A×X),
where |A| = |X| = 6.

Suppose that there is an edge {(a, x), (b, y)}. Then the set

{∞, 0, a, b, x, y, (a, x), (a, y), (b, x), (b, y)}
contains all but one of the edges of M(3). By Lemma 6.5, the remaining edge
{(a, y), (b, x)}, must also be present. We write {a, b} ∼ {x, y} if this occurs. Now,
for any x, y ∈ X, there are three disjoint pairs of elements a, b ∈ A for which
{a, b} ∼ {x, y}, forming a 1-factor on A. The five 1-factors corresponding to the
pairs {x, y} with x fixed are easily seen to form a 1-factorization. So, A and X are
dual sets, and we recover our previous construction.

�

Our final application will be the production of a 5-(12,6,1) design and proof of
its uniqueness.

First, another observation about 1-factors of K6. Given two disjoint 1-factors
(forming a hexagon), there is a unique 1-factor, disjoint from both but not con-
tained in the 1-factorization that contains them, namely the 3 long diagonals of the
hexagon. These three 1-factors correspond to three pairs from the dual set X which
pairwise intersect but do not have a common element; these must have the form
{x, y}, {y, z} and {z, y}, for some x, y, z ∈ X. Also, the complementary graph of
the hexagon plus the long diagonals consists of two triangles. In this way, we have
a bijection between partitions of A and X into disjoint 3-sets. The dually defined
bijection is just the inverse of this one.
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A permutation which acts as a transposition on A acts as a product of three
disjoint transpositions on X, their cycles defining the factor corresponding to the
edge on A defined by the original transposition; and dually. Thus, the combinatorial
relation is reflected by the structure of the permutations. Similarly, a 3-cycle on A
acts as a product of two 3-cycles on X, and dually; corresponding partitions are
orbits of the same Sylow 3-subgroup of S6.

We now construct a 5-(12,6,1) design. Let A and X be dual 6-sets. Write
{a, b} ∼ {x, y} if {a, b} is an edge of A in the 1-factor corresponding to {x, y} in X,
and dually. Also, write {a, b, c} ∼ {x, y, z} if these 3-sets are parts in corresponding
partitions. Note that both relations are symmetric.

Take the point set A ∪X, and B the set of blocks of the following types:
(1) A, X;
(2) Whenever {a, b} ∼ {x, y}, replace {a, b} in A by {x, y} and replace {x, y}

in X by {a, b};
(3) {a, b, c, x, y, z} whenever {a, b, c} ∼ {x, y, z}.

We claim that (A ∪X,B) is a 5-(12,6,1) design. First observe that there are

2 + 2 ·
(

6
2

)
· 3 +

(
6
3

)
· 2 = 132 =

(
12
5

)(
6
5

)
blocks; so the average number of blocks containing a 5-set is one, and it suffices to
show that no two blocks meet in 5 points. If |B1 ∩B2| ≥ 5, then we could assume
by duality that at least three points of the intersection lie in A; and now a small
amount of calculation shows that this is not possible.

6.7. Theorem. There exists a unique 5-(12,6,1) design, up to isomorphism.

Proof. (Outline) First show that the complement of a block is a block. Furthermore,
the third derived design is an affine plane of order 3. So if the point set is A∪B ∪
C ∪ D where |A| = |B| = |C| = |D| = 3 and A ∪ B and A ∪ C are blocks, then
A ∪D is a block. These observations show that B ∪ C is also a block. That is, if
two blocks meet in 3 points, then their symmetric difference is a block.

Select a complementary pair of blocks, call them A and X. For a, b ∈ A, the 4-set
A \ {a, b} lies in three blocks other than A; these have the form A \ {a, b} ∪ {x, y},
where the three pairs {x, y} form a 1-factor of X. The complement of each of these
is again a block. It is now straightforward to check that this bijection between the
edges of A and the 1-factors of X arises from a duality between A and X.

Now let B be a block with B∩A = {a, b, c}, B∩X = {x, y, z}. Then none of the
three factors of A corresponding to pairs in {x, y, z} can have an edge in {a, b, c},
or else some block would meet the symmetric difference of B and X in five points.
So we must have the design just constructed. �


