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Lecture Notes 6: Regular two-graphs

Definition: The operation of switching a graph Γ with respect to a set Y of vertices 
replaces all edges between Y and its complement with non-edges and vice versa, leaving 
edges within Y and outside of Y unaltered.

Note that switching with respect to Y and with respect to its complement X\Y are 
the same operation. Furthermore, switching with respect to Y1 followed by switching 
with respect to Y2 is the same as switching with respect to the symmetric difference 
Y1 ∆ Y2. Consider the set of all graphs on the vertex set X (with |X| = n). Two of these 
graphs will be considered equivalent if there exists a subset Y such that one graph is 
obtained from the other by switching with respect to Y. This is an equivalence relation 
and the equivalence classes are called two-graphs (or switching classes), each containing 
2n-1 graphs. 

Example:

Graph II is obtained from graph I by switching with respect to the set Y = {5}.

Some new strongly regular graphs can be obtained by switching.

Example: The Shrikhande graph is a srg(16,6,2,2) obtained from the lattice graph L2(4) 
by switching with respect to the set of vertices on the diagonal.

Recall that in the representation of L2(4) all vertices are joined to all the vertices in the 
same row and column. Only some of the edges are drawn in the Shrikhande graph.
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The Shrikhande graph has an interesting representation on a torus.

Example: The Chang graphs. There are three graphs, each an srg(28,12,6,4) obtained 

   L2(4)



from the triangular graph T(8) by switching with respect to three different subsets. Since 
the vertices of T(8) are 2-sets of {1,...,8} we can describe sets of vertices of T(8) as edges 
of a graph on 8 vertices. The three subsets that we switch are then:

Switching does not always produce new graphs, for instance switching T(8) with respect 
to the disjoint union of two K4s produces a graph isomorphic to T(8) and switching L2(4) 
with respect to the vertices {(1,1),(1,2),(2,1),(2,2),(3,3),(3,4),(4,3),(4,4)} gives a graph 
isomorphic to L2(4). 

Definition: A two-graph design is a collection  B of 3-subsets of a set X with the 
property that for any 4-subset Y of X, an even number of members of  B belong to Y.

    There is a relationship between two-graphs and two-graph designs. 

    Given any graph Γ with vertex set X, let  B be the set of all 3-subsets of X which 
contain an odd number of edges of Γ (1 or 3). Then (X, B ) is a two-graph design. We say 
that Γ yields the two-graph design (X, B ).

Example: Consider the graph

                                                                         The subsets of B are:
                                                                             {1,2,3}, {3,4,5}    (triangles)
                                                                              {1,2,4}, {1,2,5}, {1,4,5}, and {2,4,5}
                                                                                           (one edge and vertex)

                                                                         Of the 4-sets Y:
                                                                          {1,2,3,4} contains 2 B subsets,
                                                                          {1,2,3,5} contains 2 B subsets,
                                                                          {1,2,4,5} contains 4 B subsets,
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                                                                          {1,3,4,5} contains 2 B subsets, and
                                                                          {2,3,4,5} contains 2 B subsets.

Let Y be a 4-subset of X. If Y contains a  T ∈  B , then either T is a 3-cycle 
(triangle) or T is an edge together with an isolated vertex. Suppose T is a triangle and let 
d be the fourth vertex of Y not contained in T. If d is not connected to any vertex of T, 
then Y contains three additional subsets of B . If d is connected to only one vertex of T, 
then Y contains one additional subset of B  (d plus the edge of T it is not connected to). If 
d is connected to two vertices of T, then Y contains one additional subset of B  (the new 
triangle containing d) and finally, if d is connected to all the vertices of T, Y is a K4 and 
so contains 4 triangles. Thus, in this case Y contains an even number of subsets of B . 
Now suppose that Y contains no triangle. Let Y consist of edge ab and vertices c and d. 
WLOG we may assume that c is not connected to either a or b (and so, c with the edge ab 
is a subset T of B ). If d is not connected to any vertex of T then Y contains an additional 
subset of B  (d together with ab). If d is connected to either a or b but not c, then there is 
one additional subset of B  (c together with either ad or bd). If d is connected to either a or 
b and is connected to c then Y is a 3-path and contains exactly two subsets of B . Finally, 
if d is connected only to c then Y is a pair of disjoint edges and so contains four elements 
of B . So, in all cases the 4-subset Y contains an even number of elements of B , showing 
that (X, B ) is a two-graph design. [I do not see how to do this with a parity argument as 
suggested in the text.]

Every two-graph design arises from this construction. Let (X, B ) be a two-graph 
design and x a point of X. Form a graph Γ on X by joining y to z whenever {x,y,z} ∈ B . 
(Note that x is never joined to a vertex, so it will be an isolated vertex in Γ.) Clearly, the 
construction gives the correct triples containing x. For any 3-subset {y,z,w} of X\{x},
       {y,z,w} ∈ B   ⇔ an odd number of  {x,y,z}, {x,y,w}, {x,z,w} ∈ B 

⇔ an odd number of {y,z}, {y,w}, {z,w} are edges of Γ,
so the rule works for these triples also.

In design terminology, every graph Γ can be uniquely extended to a two-graph 
design, by adding an isolated vertex and applying the above construction. When there is 
no ambiguity, we refer to this two-graph design as the extension of Γ.

Different graphs on X can yield the same two-graph. We now discuss this.

Theorem 4.5 : Graphs Γ1 and Γ2 on the vertex set X yield the same two-graph design if 
and only if Γ1 can be switched into Γ2. In other words, there is a natural bijection between 
two-graph designs and two-graphs (switching classes of graphs) on X.

Proof: The fact that switching equivalent graphs yield the same two-graph design follows 
from the observation that switching does not change the parity of the number of edges 
within a 3-set.

Conversely, suppose that Γ1 and Γ2 have the property that the parity of the number 
of edges within any triple is the same in each. Set x ≡ y if either x = y or the character of 



{x,y} (edge or non-edge) is the same in each graph. By hypothesis this is an equivalence 
relation; and it can not have more than two equivalence classes, since if three vertices x, 
y, z lie in different classes then the triple {x,y,z} has different parity in the two graphs. 
Now switching with respect to an equivalence class transforms Γ1 into Γ2.   ❑

    To deal with switching in a graph it is very useful to use a modified version of the 
adjacency matrix, known as a Seidel matrix. For a graph Γ its Seidel matrix S = (sij) is 
defined as the adjacency matrix of Γ where all the 1's are replaced by -1's and all the 0's 
except those on the diagonal are replaced by 1's. So, sij = -1 means that ij represents an 
edge, while sij = 1 means that ij is a non-edge (i and j are not adjacent vertices). If  A is 
the usual adjacency matrix of the graph then the two are related by S = J – I – 2A. 

    If Γ yields the two-graph design (X, B ) then {xi,xj,xk}∈ B   if and only if sijsjkski = -1 in 
the Seidel matrix. Also, if Γ' is obtained by switching Γ with respect to Y, then Γ' has 
Seidel matrix S' = DSD, where D is a diagonal matrix whose entries dii are -1 if xi ∈ Y 
and +1 otherwise. Since S and S' are similar matrices, they have the same spectrum. So, 
the spectrum is an invariant of the two-graph (switching class), and so (by 4.5) of the 
two-graph design. We may thus speak of the eigenvalues of a two-graph in this sense.

     A two-graph is regular if it has just two distinct eigenvalues.

(4.9) Theorem: A two-graph is regular if and only if its two-graph design is a 2-design 
(with parameters 2-(n,3,λ) for some λ).

Proof: Let Γ be a graph yielding (X,B ), and S its Seidel matrix. Since S is symmetric and 
has n-1 entries ±1 and one entry 0 in each row, we see that S2 has constant diagonal n-1. 
Now, S has two eigenvalues if and only if it satisfies a quadratic equation, which must be 
of the form S2 = αS + (n-1)I for some integer α; this holds if and only if, for i ≠ j, the (i,j) 
entry (S2)ij of S2 is equal to αsij. 
    Now (S2)ij = Σk≠i,j sikskj; and sikskj is equal to -sij if {xi,xj,xk}∈ B  or sij otherwise. So, if xi 

and xj are contained in λij members of B , then
                                    (S2)ij = -λijbij + (n-2 -λij)sij = (n-2-2λij)sij.
Thus S has two eigenvalues if and only if λij is constant.          ❑

    The complete two-graph design (where B  consists of all 3-subsets) and the null two-
graph design (where B  is empty) arise from regular two-graphs. We call these the trivial 
two-graphs, and usually exclude them from the discussion.

(4.10) Example: There is a unique 2-(6,3,2) design whose blocks are:
                  {1,2,3}   {1,3,5}  {1,5,6} {2,4,5}  {3,4,5}
                  {1,2,4}   {1,4,6}  {2,3,6} {2,5,6}  {3,4,6}.

Notice that the complement of each block (also a 3-set) is not a block. Thus, given any 
4-set Y, there are exactly 2 blocks which contain the 2 element complement of Y and 
since r = 5, there are 8 blocks which contain either of these 2 elements, so there are two 
blocks which must be contained in Y. This design is therefore a regular two-graph design. 



The corresponding two-graph (switching class) contains the graphs displayed in the first 
example of this section. The Seidel matrix S of one of these graphs satisfies S2 = 5I, and 
so has eigenvalues ±5½, each with multiplicity 3.


