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Lecture Notes 3:

Other methods of forming new designs from old ones.

If D = (X,B) is a t-(v,k,) design, the residual Dp of D with respect to the point p ∈ X has point 
set X\{p} and block set {B ∈ B :  p ∉ B}.  It is a (t-1)-(v-1, k,  t-1 - ) design.

The complementary design  Dc is obtained by replacing each block by its complement in X. By 
the Principle of Inclusion - Exclusion we can count the number of blocks of D which do not 
contain any of a t-set of points, thus giving the   value for the complementary design.
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In particular for t = 2, we have
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(1.39) Proposition. The complement of a t-(v,k,) design is a t−v , v−k , design.

Note that the complement of a square design is also a square design.

If D is a square 2-(v,k,) design we may form the residual DB of D with respect to the block B by 
removing B and all of its points from all of the other blocks. The result is a 2-(v-k, k- , ) 
design. The unqualified term residual will always refer to this block residual design. Note that 
choosing different blocks may produce non-isomorphic designs.

Setting vB = v - k,  kB = k - ,  and  B = , then 
                                           B vB =  (v-k) = (k-)(k-1) = kB(kB +  B - 1).
It is possible that the residual design has repeated blocks, but if this occurs then the residual of 
the complementary design can have no repeated blocks.

A 2-(v,k,) design whose parameters satisfy  v = k(k + -1) is called quasi-residual. From the 
above calculation, any residual design is quasi-residual. The converse is not always true.

An affine plane of order n is a 2-(n2, n, 1) design. Thus, the residual of any projective plane is an 
affine plane of the same order.

(1.40) Proposition. (a) There exists a projective plane of order n iff there exists an affine plane of 
order n.
(b) A quasi-residual 2-design with = 1 is residual.

The analogue with = 2 is also true (Hall-Connor Theorem).



The extension of an affine plane, i.e., a 3-(n2 + 1, n+1,1) design, is called an inversive plane, or a 
Möbius plane of order n.

Example: It is possible to give a geometric description of some inversive planes. An ovoid in 
PG(3,q) is a set of q2 + 1 points, no three collinear. It can be shown that every plane (which is a 
hyperplane since dim = 3) of PG(3,q) meets an ovoid O in either 1 or q + 1 points. The plane 
sections of size q + 1 of O are the blocks of an inversive plane of order q. Any inversive plane 
arising this way is called egglike. All known inversive planes are egglike.

An example of an ovoid is the elliptic quadric, the set of zeros of the quadratic form
                                                   x1x2 + f(x3, x4), 
where f is an irreducible quadratic form in two variables over GF(q). [f(x,y) = x2 + xy + y2 for 
example].

If q is an odd power of 2, another type of ovoid is known - the Suzuki-Tits ovoid.

(1.43) Theorem. (a) If q is odd, then any ovoid is projectively equivalent to the elliptic quadric; 
so there is a unique egglike inversive plane of order q (but maybe non-egglike ones).
(b) if q is even, then any inversive plane is egglike (but there maybe some unknown ovoids). 

Ovals

Let D be a square 2-(v,k,) design. An n-arc is a set of n points of D, no three of which are 
contained in a block. Given an n-arc S, a block B is called a secant, tangent or exterior (passant) 
to S according as it intersects S in 2, 1 or 0 points.

(1.46) Proposition. Any point of an n-arc in a square 2-(v,k, ) design lies on (n-1)  secants and 
k - (n-1)  tangents. In particular,  n ≤ 1 + k/ .

Pf. Consider a fixed point p on the n-arc S. Through each other point of S [(n-1)] there pass      
blocks containing the point and p. This gives the number of secants, since no two of these can be 
the same (else 3 points in the same block). Since there are k blocks through p, the rest must be 
tangents.                                                                                           

An n-arc A is called an oval if each point of A lies on a unique tangent ( n = 1 + (k-1)/ )  and a 
hyperoval if it has no tangents (n = 1 + k/ ).  Note that these can not coexist if   > 1. 

(1.47) Proposition. If a square 2-(v,k,) design contains a hyperoval then k -   is even.

Pf: Let S be the hyperoval and p a point not on it. For each point on S, there are   blocks 
containing the point and p. Each of these is a secant since there are no tangents. Thus each of 
these blocks is counted twice and so the number of secants through p is ½ n = ½(+ k). Thus, 
+ k is even and so is  k -   =   + k - 2  .                                      

(1.48) Proposition. Let S be an oval in a square 2-(v,k,) design with k- even. Then any point 



of the design lies on either one or all tangents to S.

Pf.  Notice that and k must have the same parity, but  | k-1 so   and k must be odd. 
Therefore, (k-1)/  is even and n is odd.  This implies that every point lies on at least one tangent 
since the secants through a point intersect S in two points apiece. Let ni be the number of points 
which lie on i tangents to S. We then have

                                               

∑
i≥1
n i= v ,
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The second equation comes from counting the number of pairs (x,L) where x is a point and L is a 
tangent through x. The third equation from counting the number of triples (x,L,M) with x and L 
as before and M a second tangent through x. (Note that by definition there are n tangents to S). 
From these equations it follows that

                                                   ∑
i≥1

i−1i−nni = 0 ,

and we see that every point lies on one or all of the tangents.                   

In a projective plane of even order the tangents to an oval (if one exists) must meet and so, by 
(1.48) if a point has two tangents on it, it must have all the tangents on it. Such a point, clearly 
unique, is called the nucleus or knot of the oval. If S is an oval and p is its nucleus, then S ∪{p} 
is a hyperoval.

If S is a hyperoval in a 2-(v,k, ) design D, then the structure whose points are the exterior blocks 
of S and whose blocks are the points of D outside of S, with incidence the dual of that of D, is a 
2-((k-2)(k-)/2 , (k- )/2, ) design.

Examples of ovals in PG(2,q) are provided by conics, the sets of zeros of non-singular quadratic 
forms (such as xz -y2 where (x,y,z) are the elements of the 3-dimensional vector space.) A rather 
surprising result concerning ovals in these designs is due to B. Segre (1954).

(1.49) Theorem. For q an odd prime power, any oval in PG(2,q) is a conic.

While the same conclusion holds for q = 2 and 4, it is not true for any other even prime power. 
The hyperoval formed from a conic together with its nucleus is called a hyperconic, complete 
conic or a regular hyperoval. For q ≥ 8, removing a point other than the nucleus from a 
complete conic leaves an oval which is not a conic. Moreover, for q  ≥ 16 there exist hyperovals 
which are not complete conics. [Note: the correction to the book, this error is interesting in that at 
the time of publication of the text, examples in q = 32 were well known, one due to Segre goes 
back to 1955, others of a more recent vintage are due to Payne and Cherowitzo. Furthermore, the 
case q = 64 was not settled at that point, but recent work by Penttila and Royle has uncovered 3 
examples.]

We will now look at the construction (due to Lüneburg) of the 5-(24,8,1) design. This 



construction is based on some combinatorial properties of the unique projective plane of order 4, 
PG(2,4). 
   Consider a quadrangle in PG(2,4), 4 points no three collinear. We first count the number of 
quadrangles in this plane. We do this by counting ordered quadrangles to start. As there are 21 
points in the plane, there are 21 choices for the first point and 20 choices for the second. The 
third point can not be on the line determined by the first two, so there are 16 choices for the third 
point. The fourth point can not be on any of the lines determined by the first three, so there are 
only 9 choices for it. Thus, there are (21)(20)(16)(9) ordered quadrangles. Since there are 4! 
ways to order a quadrangle, there are (21)(20)(16)(9)/(4)(3)(2)(1) = 2320 quadrangles in this 
plane. 
   A quadrangle determines 6 lines, every pair of which must meet in a projective plane. Thus, 
there are 3 additional points determined by these lines (called the diagonal points of the 
quadrangle). In this projective plane these diagonal points are collinear (on a line called the 
diagonal line of the quadrangle). If you adjoin the three diagonal points and the diagonal line to 
the original quadrangle, you have 7 points and 7 lines forming a subplane of order 2, which is a 
Baer subplane in this setting. If instead, you adjoin the two points on the diagonal line which are 
not diagonal points to the quadrangle, you obtain 6 points, no three of which are collinear, that is, 
a hyperoval. In fact, this hyperoval is the only hyperoval containing the quadrangle, since the 
quadrangle generates a unique Baer subplane and every point outside this Baer subplane is on a 
unique line of the Baer subplane. This means that if a point not in the Baer subplane is not on the 
diagonal line, it is on one of the 6 lines that contain two points of the quadrangle, so can not be 
added to the quadrangle without violating the no three points collinear condition. The same can 
be said of the 3 diagonal points, so the only points that could be added to the quadrangle are these 
two points on the diagonal line which are not in the Baer subplane.
   Since any 4 points of a hyperoval form a quadrangle, there are 15 quadrangles which determine 
the same hyperoval. Thus there are 2320/15 = 168 hyperovals in PG(2,4). A count similar to the 
one above for the total number of quadrangles shows that there are 7 quadrangles in a Baer 
subplane, so there are 2320/7 = 360 Baer subplanes in PG(2,4). 
    Two hyperovals of PG(2,4) can not share 4 points, since a quadrangle is contained in a unique 
hyperoval. Thus, two hyperovals can intersect in at most 3 points. We will now count the number 
of hyperovals meeting  in 3, 2, or 1 specific points. Consider three non-collinear points. There are 
9 points not on any of the three lines determined by these points. Any one of them when added to 
the original 3 gives a quadrangle and hence a unique hyperoval. But, 3 of the points will give the 
same hyperoval, so there are exactly 3 = 9/3 hyperovals passing through the 3 original points. 
Now consider a pair of points. There are 72 = 16(9)/2 quadrangles containing the pair, but each 
hyperoval containing the pair will be generated by 6 of these quadrangles. Hence, there are 12 
hyperovals containing the pair. Finally, fix a point P. There are  480  = 20(16)(9)/6 quadrangles 
that contain P. Any hyperoval containing P will contain 10 of these quadrangles, so there are 48 
hyperovals through P. 
     Consider a fixed hyperoval Ω. We wish to calculate the number of hyperovals that are disjoint 
from Ω. By the Principle of Inclusion-Exclusion (PIE) we have: 

# of hyperovals disjoint from =168−61486
212−633641−651661=10 .

Fix two points of Ω. There are 12 hyperovals through these two points, 11 besides Ω. Through 
each of the other four points of Ω there will pass two of these 11, so there are 3 = 11- 4(2) 



hyperovals that intersect Ω in only these two points. Since there are 15 pairs of points on Ω, there 
will be 45 = 3(15) hyperovals which intersect Ω in precisely two points. Thus, the number of 
hyperovals that intersect Ω in an even number of points is 10 + 45 + 1 = 56. 

   At this point, if we establish that this set of 56 hyperovals is an orbit of the group PSL(3,4), 
then Ω can be replaced by any of the hyperovals that intersect it in an even number of points 
showing that if two hyperovals intersect Ω in an even number of points then they intersect each 
other in an even number of points. We will not do this but shall assume this result. 

   Since there are three hyperovals meeting in a triangle, we get 3 sets of 56 hyperovals, 
partitioning the set of all hyperovals (3 orbits of PSL(3,4)), with the property that two hyperovals 
are in the same set iff they meet in an even number of points. 

   We can now construct the first extension of PG(2,4). Add a new point (∞) to each line of the 
plane and take as new blocks the 56 hyperovals in one (any one) of the three orbits. This new 
design is a 3-(22,6,1) design. To see that it is a design, consider three points. If one of these is the 
new point ∞, then the other two points determine a unique line in PG(2,4) and so we have exactly 
one block of the new design containing the three points. If ∞ is not in the set, then either the three 
points are collinear (hence on a unique line) or not. If not, they form a triangle and there is a 
unique hyperoval in our orbit which passes through them. This design extends to a 4-(23,7,1) 
design and that extends to a 5-(24,8,1) design. 

   We will not go through the details of the remaining two extensions, but will describe the blocks 
of the 5-(24,8,1) design. First note that the Baer subplanes also form 3 orbits under the action of 
PSL(3,4), where two subplanes are in the same orbit iff they intersect in an odd number of 
points. These orbits have size 120. In this extension, three points, say A, B and C are added to the 
points of PG(2,4). The blocks come in 4 types. 

1) Each line of PG(2,4) plus all three new points.
2) Each hyperoval of PG(2,4) plus two of the new points, where all the hyperovals in an 

orbit get the same two points and each orbit has a different pair of new points.
3) Each Baer subplane plus a single new point, where a different new point is used in each 

of the orbits, and
4) Each pair of distinct lines of PG(2,4) minus their point of intersection.


