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Properties of the Hoffman-Singleton graph

If we consider a specified vertex in a graph with order n, degree d, and diameter 

k, and let ni be the number of vertices at a distance of i edges from that vertex, then the 

following inequality (from Moore, used by Hoffman and Singleton [7], and Miller and 

Siran [11]) holds:

ni ≤ d(d – 1)i - 1                                   (1) 

for i ≥ 1 (with n0 = 1, since only the vertex itself is at distance 0).

If we sum these vertices over different distances from our specified vertex, we end up 

with the total number of vertices in our graph and the following inequality (for which):
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E.F. Moore suggested the problem of finding the graphs for which this inequality is an 

equality, which are now termed “Moore graphs of type (d, k).”  For any graph in which 

the above inequality (2) is actually an equality, this implies that the inequality (1) must be 

an equality for every value 0 ≤ i ≤ k, which means for i = 1 we have n1 = d(d-1)0 = d.  So 

the graph must be regular with valency d.   For a Moore graph of diameter 2 (which is a 

strongly regular graph with λ = 2 and µ = 1) , the only graphs of this type that are known 

to exist are (2, 2), (3, 2), (7, 2), and there is only one graph of each of these types.  (The 

only other possible Moore graph with diameter 2 is (57, 2), but existence has not been 

proved or disproved yet).  The unique Moore graph of type (7, 2) is the Hoffman-

Singleton graph which has order 50 and girth 5 (the girth of a graph with a cycle is the 

length of the shortest cycle, and a cycle-free graph has infinite girth) [7].  (A note of 

interest is that the Moore graph of type (3, 2) is the Petersen graph, and the Moore graph 

of type (2, 2) is the 5-cycle [3]).

In addition to being a Moore graph, the Hoffman-Singleton graph is part of a 

family of non-Cayley transitive graphs with order 2q2, where q ≡ 1 (mod 4) is a prime 

power, which was proved by B. McKay, M. Miller, and J. Siran, so these graphs are 

termed McKay-Miller-Siran graphs [10]. All the other graphs in this family have girth 3, 

whereas the Hoffman-Singleton graph has girth 5.  (A Cayley graph, represented as X(G, 

S), where G is a group which is the set of vertices in the graph, S is a set of elements in 



the group, and the edges of the graph is the set of unordered pairs {(g, gs) | g∈G and s∈

S} [1]).

  

Construction 1

The following is a geometric construction of the Hoffman-Singleton graph, due to 

Neil Robertson, as presented by Paul R. Hafner [6]. Recall that the Hoffman-Singleton 

graph has order 50. These 50 vertices are partitioned into 10 subgraphs with five vertices 

each, five of which are pentagons and five of which are pentagrams.  The vertices in each 

must be labeled so that the pentagrams and the pentagons are complements of each other, 

as is shown in Figure 1:

Figure 1:  The five pentagons and five pentagrams from the Robertson construction [6].

The additional edges must be added as follows:  For the vertex labeled i (with 1 ≤ 

i ≤ 5) residing in a pentagon labeled Pj (with 1 ≤ j ≤ 5), the one and only adjacency it has 

with a vertex in Qk (with 1 ≤ k ≤ 5) is with the vertex labeled i + jk (mod 5).  These are 

the only additional edges in the graph, besides the edges creating the five pentagons and 

five pentagrams, so it is clear from this description that there are not any edges between 

two pentagons or two pentagrams.  Also, with these additional edges the graph is regular 

with valency 7, diameter 2, and girth 5 (where we obviously have 5-cycles in the graph).



Construction 2

 

The following is a construction given by Paul R. Hafner [6].  If we consider the 

Hoffman-Singleton graph with the edges that create the five pentagons and five 

pentagrams that we started with in construction 1 removed (in other words, the only 

edges described above between all the possible pentagon-pentagram pairs), the edges left 

will be the same as the edges in the incidence graph of the affine plane over Z5 if the lines 

of one parallel class are removed (so the Hoffman-Singleton graph will be a modified 

incidence graph of the affine plane over Z5).  There are six parallel classes altogether, and 

for the parallel class whose lines were removed, the points remain.  The points and lines 

of the affine plane can be represented as triples; (1, x, y)∈ Z2×Z5×Z5 and (1, m, b)∈ Z2×Z5

×Z5 respectively.  The lines are of the form y = mx + b.  Note that the parallel lines of the 

form x = b are from the distinguished parallel class whose lines were removed, so those 

lines (0, m, b)∈ Z2×Z5×Z5 are omitted.  Likewise, the points (0, x, y)∈ Z2×Z5×Z5 have 

been removed as well.  The following theorem describes the adjacencies of the Hoffman-

Singleton graph in terms of the homogeneous triples of points and triples of planes that 

we just described.  I will omit the proof [6].

Theorem 1:  Suppose Γ is a graph with vertex set V(Γ) = Z2×Z5×Z5 and the following 

categories defining all of the adjacencies:

(a) (1, x, y) is adjacent to (1, x, y’)  ⇔  y – y’ = ±1 (mod 5); 

(b) (1, m, b) is adjacent to (1, m, b’)  ⇔  b – b’ = ±2 (mod 5);

(c) (1, x, y) is adjacent to (1, m, b)  ⇔  y = mx + b (mod 5).

Then Γ is isomorphic to the Hoffman-Singleton graph.

In this theorem, parts (a) and (b) define the edges that make up the pentagons and 

pentagrams from construction 1 above, and part (c) defines the edges between the 

pentagon-pentagram pairs.  Notice that there are not any edges between points on distinct 

vertical lines (given by part (a), since y – y’≠ 0), and there are not any edges between 



lines from distinct parallel classes (given by part (b), since b – b’≠ 0), which reflects the 

fact that distinct pairs of pentagons have no adjacencies and distinct pairs of pentagrams 

have no adjacencies in construction 1.  

Also note that in Z5, ±1 is a square and ±2 is not a square, which implies that the 

set of subgraphs defined in part (a) are Paley graphs and the set of subgraphs defined in 

part (b) are the complements of Paley graphs (these two sets of subgraphs are the five 

pentagons and five pentagrams, respectively, from construction 1 above).  Paley graphs 

are isomorphic to their complements, which again fits the description from construction 

1 since pentagons and pentagrams are both 5-cycles, and are therefore isomorphic.

Another interesting observation is that the adjacencies of lines are defined by the 

adjacencies of points.  To see this, consider the case in which y – y’ = b – b’ for two lines 

defined by y = mx + b and y’ = mx + b’, which means that these two lines are parallel 

since then mx = y – b = y’ – b’.  Now suppose (1, x, y) and (1, x, y’) are the respective 

points at which these two lines intersect with a given vertical line.  These two points are 

adjacent if and only if y – y’ = ±1, but the two lines are adjacent if and only if b – b’ = ±

2.  Thus, these two points are adjacent if and only if the two lines are not adjacent.

Construction 3

The following is the original construction from A.J. Hoffman and R.R. Singleton 

[7]. The Moore graph of type (7, 2) is the Hoffman-Singleton graph, which we already 

know has order 50, so we can confirm that the above inequality (2) is actually an equality 

in this case:
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Because each vertex has degree d, every vertex at a distance i from our initial 

vertex, which is adjacent to only one vertex from those at a distance of (i – 1), is adjacent 

to (d – 1) vertices at a distance of (i + 1) from our initial vertex.  So vertices at an equal 

distance from our initial vertex are not adjacent for distances i = 1, 2, ….., (k – 1).  The 

exception is vertices that have a distance of k from the initial vertex, which must have 



adjacencies to each other since each is adjacent to only one vertex at a distance (k – 1) 

from our initial vertex, and each must have degree d.

With the adjacencies of vertices with distance k from our initial vertex removed, 

our graph would be a hierarchy graph.  The hierarchy subgraph shown in Figure 2 [7] that 

illustrates this example is for the Hoffman-Singleton graph, so in this subgraph k = 2. 

             Figure 2:  Hierarchy subgraph of the Hoffman-Singleton graph.

We would obtain the same tree above as a subgraph if we had used any vertex as 

our initial vertex.  Consider the following list of added edges between the labeled vertices 

of Figure 2 with distance k = 2 from the top vertex:

(9, 33) (10, 11)     (3, 15)     (4, 21)      (5, 27)      (34, 35)    (7, 39)     (8, 45)     (19, 20)     (32, 43)
(10, 14)     (3, 18)     (4, 24)      (5, 30)      (34, 38)    (7, 42)     (8, 48)     (19, 31)     (32, 50)
(11, 12)     (15, 16)   (21, 22)    (27, 28)    (35, 36)    (39, 40)   (45, 46)   (20, 25)     (43, 44)
(12, 13)     (16, 17)   (22, 23)    (28, 29)    (36, 37)    (40, 41)   (46, 47)   (25, 26)     (44, 49)
(13, 14)     (17, 18)   (23, 24)    (29, 30)    (37, 38)    (41, 42)   (47, 48)   (26, 31)     (49, 50)

From the above list of edges, the following ten 5-cycles emerge, which partition 

the vertices of the graph:

{1, 2, 9, 33, 6} {34, 35, 36, 37, 38}
{10, 11, 12, 13, 14} {7, 38, 40, 41, 42}



{3, 15, 16, 17, 18} {8, 45, 46, 47, 48}
{4, 21, 22, 23, 24} {19, 20, 25, 26, 31}
{5, 27, 28, 29, 30} {32, 43, 44, 49, 50}

This gives us the same five pentagons and five pentagrams from construction 1, 

and the other adjacencies between vertices at a distance 2 from the top vertex in Figure 2 

will give us the edges between each pentagon-pentagram pair. 

Note that in the Hoffman-Singleton graph there are still four more adjacencies 

that were not even mentioned for each of the vertices at a distance 2 from the top vertex, 

since each must have degree 7, and we only mentioned the one adjacency for each in the 

hierarchy graph plus two more adjacencies in the added edges from the above list (except 

for two of the vertices that only needed one extra adjacency to form that 5-cycle).  This 

means there are ½{k(k-1)(k-3) + 2} = ½{7(6)(4) + 2} = 85 more edges not represented 

above in the hierarchy or the list of edges used to create the ten 5-cycles.

Construction 4

The following is a construction given by P.J. Cameron and J.H. Van Lint [3]. 

Suppose Γ2 is a Moore graph of diameter 2, which has valency k (with k ∈ N).  Let ρ and 

τ be adjacent vertices in Γ2, and let A and X be the following two subsets of the vertices 

of Γ2:  A = Γ2(ρ) \ {τ} and X = Γ2(τ) \ {ρ}.  Any other vertex in Γ2 that is not in A or X, 

and not equal to ρ or τ, will have one and only one neighbor in each of the sets A and X. 

So let us label each of these other vertices according to the vertices in A and X to which 

it is adjacent:  (a, x) ∈ A × X.  Therefore the set of vertices of  Γ2 is 

V(Γ2) = A ∪ X ∪ (A × X) ∪ {ρ, τ}.

Now suppose we have a valency of 7, and A and X are dual sets of six vertices. 

Consider the vertex set A ∪ X ∪ (A × X) ∪ {ρ, τ}, with the same edges as above, and 

add the following edges:  let the vertex represented by (a, x) be adjacent to (b, y) if and 

only if {a, b} is an edge in whichever factor in A corresponds to the edge {x, y} in X 

(and the dual is also true since A is the dual of X), with a, b ∈ A and x, y ∈ X.  We note 

that the edges of X correspond to the factors of A, and since A is the dual of X the edges 

of A correspond to the factors of X as well (where a factor is a set of three pairwise 



disjoint edges).  This gives us the extra five adjacencies we were lacking for each vertex 

(a, x) in A × X (in order for every vertex to have degree 7), since when we fix a ∈ A 

there are five possible edges {a, b} in A (with b  ∈ A varying), which corresponds to five 

factors.  Also, | A | = | X | = 6, and | A × X | = 6(6) = 36 since A and X have different 

elements, so | A ∪ X ∪ (A × X) ∪ {ρ, τ) | = 6 + 6 + 36 + 2 = 50.  This gives us a graph of 

order 50, valency 7, and diameter 2.  Now we need to check that the girth is 5.

We can find a 5-cycle in the graph.  Take any vertex v = (a, x) in A × X, which is 

defined as being adjacent to vertex a ∈ A and vertex x ∈ X.  Also a ∈ A = Γ2(ρ) \ {τ} so 

a is adjacent to ρ, and x ∈ X = Γ2(τ) \ {ρ} so x is adjacent to τ, and we know that ρ and τ 

are adjacent.  This means that the 5-cycle {τ, ρ, a, v, x} exists in our graph.  However, 

since Moore graphs with diameter 2 and valency 4 or 5 do not exist, they cannot exist as 

subgraphs of a larger graph, so there do not exist any 3-cycles or 4-cycles in the graph. 

(For example, if A = {a1, a2, a3} and X = {x1, x2, x3}, and (a1, x1) is adjacent to (a2, x2), 

then we cannot have both adjacent to (a3, x3) or we would have a Moore graph of valency 

4, which rules out 3-cycles, and 4-cycles can be shown to not exist in this graph in a 

similar way).

Uniqueness of the Hoffman-Singleton Graph

The following proof of the uniqueness of the Hoffman-Singleton graph is given 

by P.J. Cameron and J.H. Van Lint [3].  Suppose Γ2 is a Moore graph with diameter 2 and 

valency 7, with order 50 and girth 5, as in construction 4, so that it has vertex set V(Γ2) = 

A ∪ X ∪ (A × X) ∪ {ρ, τ).  Since the valency is 7, we know that | A | = | X | = 6. 

Suppose there is an edge {(a, x), (b, y)} in A × X (so that a, b ∈ A and x, y ∈ X), such 

that the set of vertices {ρ, τ, a, b, x, y, (a, x), (a, y), (b, x), (b, y)} contains every edge 

except one that belongs to the Moore graph with diameter 2 and valency 3.  Here we 

reference a lemma [3] that states the Hoffman-Singleton graph does not have the Moore 

graph with diameter 2 and valency 3 as a subgraph, so the missing edge {(a, y), (b, x)} 

must also be in our graph.  That edge together with the edge {(a, x), (b, y)} gives us 

{a, b} ∼ {x, y}.



Since | A | = | X | = 6, there are three disjoint pairs of vertices a, b ∈ A for any 

fixed x, y ∈ X such that {a, b} ∼ {x, y}, which gives us a factor.  If we fix x and vary y 

over the other five possible vertices in X, there are five corresponding factors from A, 

which forms a factorization (which is the 15 edges of the complete graph on six vertices 

partitioned into five factors).  It has already been shown above in construction 4 that each 

edge of A corresponds to a factor of X, with the five edges resulting from fixing a in {a, 

b} yielding five factors from X that form a factorization.  Therefore the set A is the dual 

of the set X, giving us the same construction as above, which shows that the Moore graph 

with diameter 2 and valency 7 is unique up to isomorphism. 
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