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Article 1 Section 2

Representatives and direct Taxes shall be apportioned among 
the several States which may be included within this Union, 
according to their respective Numbers, which shall be determined by 
adding to the whole Number of free Persons, including those bound to Service for a 
Term of Years, and excluding Indians not taxed, three fifths of all other Persons. The 
actual Enumeration shall be made within three Years after the first Meeting of the 
Congress of the United States, and within every subsequent Term of ten Years, in 
such Manner as they shall by Law direct. The Number of Representatives 
shall not exceed one for every thirty Thousand, but each State 
shall have at Least one Representative; and until such enumeration shall 
be made, the State of New Hampshire shall be entitled to chuse three, 
Massachusetts eight, Rhode-Island and Providence Plantations one, Connecticut 
five, New-York six, New Jersey four, Pennsylvania eight, Delaware one, Maryland 
six, Virginia ten, North Carolina five, South Carolina five, and Georgia three.



  

AMENDMENT XIV
Passed by Congress June 13, 1866. Ratified July 9, 1868.

Note: Article I, section 2, of the Constitution was modified by section 2 of the 14th 
amendment.

Section 2.
Representatives shall be apportioned among the several States 
according to their respective numbers, counting the whole 
number of persons in each State, excluding Indians not taxed. But 
when the right to vote at any election for the choice of electors for President and Vice-President 
of the United States, Representatives in Congress, the Executive and Judicial officers of a 
State, or the members of the Legislature thereof, is denied to any of the male inhabitants of 
such State, being twenty-one years of age,* and citizens of the United States, or in any way 
abridged, except for participation in rebellion, or other crime, the basis of representation therein 
shall be reduced in the proportion which the number of such male citizens shall bear to the 
whole number of male citizens twenty-one years of age in such State.



  

The problem of actual assignment of the whole number of 
seats in the United States Congress among necessarily 
fractional numbers of relative state populations is known as 
the problem of Apportionment. The Constitution gave 
Congress three years to come up with a practical solution. 
Two were submitted right away. One by Alexander 
Hamilton, the other by Thomas Jefferson. After heated 
deliberations, Congress opted for the former, but in the very 
first exercise of the veto power by President of the United 
States, President Washington blocked the measure. Facing 
a dangerous stalemate, Congress then adopted Jefferson's 
method, but with a different number of seats. (It is said that 
Washington was motivated by the fact that Jefferson's 
method would allocate one additional seat to his home 
state of Virginia.)



  

Other apportionment methods were submitted by Rep. 
William Lowndes (1822), Rep. (and, by that time, former 
President) John Quincy Adams (1832) and Senator Daniel 
Webster (1832). The latter was eventually adopted in 1842, 
only to be replaced by Hamilton's method in 1852.

In 1872, Congress was considering the idea of expanding 
to 283 seats, because of the agreement of Hamilton's and 
Webster's methods for this number. As it happened, 
Congress added 9 additional seats without officially 
adopting any method. In 1876 Rutherford B. Hayes became 
President of the United States based on the apportionment 
(which some say was unconstitutional) of 1872.

Other Methods



  

The Paradoxes

In 1880, to everyone's surprise a flaw was discovered in 
Hamilton's method that is now known as the Alabama 
paradox. More cracks showed up later. Close to 1900 
Hamilton's method was shown to lead to the Population 
paradox and in 1907, on the occasion of Oklahoma 
joining the Union, the New-States paradox was also 
detected.

Hamilton's method was replaced by Webster's in 1901, 
which stayed put until 1941, when Huntington-Hill's 
method was signed into law by President Roosevelt. 
Huntington-Hill's method has been used since, although 
there is much activism going on with the goal of 
replacing it back with Webster's method.



  

The Paradoxes

The Alabama paradox occurs when the total number of 
seats in the House increases, and some state's number of 
representatives decreases as a result. 

The new state paradox occurs when a new state enters 
the union and all the numbers go up yet some state's 
number of representatives decreases.

The population paradox refers to the situation where the 
population of some state increases yet their number of 
representatives decreases. 



  

Number of Seats

Hamilton's method is the only one that requires fixing the 
number of seats. All other methods work as well when what 
is fixed is the ratio of population per seat. Indeed, up until 
1842, when Hamilton's method was adopted by Congress, 
Jefferson's method was used with such a fixed ratio.

All apportionment methods, but Hamilton's, violate the 
Quota Rule if used with the number of seats fixed. 
However, by the tradition established after 1842, Congress 
fixes the number of seats up front, with 435 seats being the 
norm since 1931.



  

Quota Rule

The Lower Quota is then computed as the integral (floor) 
part of the standard quota. The Upper Quota is the ceiling 
(the lower quota plus one) of the standard quota.

The Quota Rule stipulates that any fair apportionment 
should assign to every state either its lower or upper quota.

All apportionment methods include calculation of the state's 
standard quota

State's Standard Quota =
State's populationTotal number of seats

Total population 
.



  

Impossibility Theorem

The result known as Balinski and Young's (1982) 
impossibility theorem states that:

If the number of seats to be apportioned is fixed up 
front, then any apportionment method that does 
not violate the quota rule must produce paradoxes, 
and any apportionment method that does not 
produce paradoxes must violate the Quota Rule.

 It could be argued that none of the methods at hand 
violates the Quota Rule when used with a fixed ratio of 
population per seat, in which case the total number of 
seats becomes a calculated quantity.



  

House Sizes

Due to the population growth and incorporation of new 
states, the number of Representatives in the House has 
kept changing: 65 (1787), 105 (1791), 240 (1832), 223 
(1842), 234 (1852), 292 (1872), 325 (1882), 386 (1901), 
433 (1911), 435 (1931 and since, except when Alaska and 
Hawaii became states, there was a temporary addition of 
one seat for each until the apportionment following the 
1960 census). 



  

Of Local Interest

An anecdotal event took place in 1901 when The Bureau 
of the Census submitted to Congress tables showing 
apportionment based on Hamilton's method for all size 
Houses between 350 and 400. In another demonstration 
of the Alabama paradox, for all sizes between 350 and 
400, but 357, the state of Colorado would get three 
seats, with only two seats in the exceptional case of 357. 
The opportunity was seized by Rep. Albert Hopkins (IL), 
at the time the chairman of the House Committee on 
Apportionment, who submitted a bill to fix the House size 
at 357 seats. In a display of rationality, the bill was 
defeated.



  

Hamilton's Method
Compute the divisor D = (Total population)/(Number of seats)

Find and round down state quotas {(State population)/D}. 

The leftover fractional parts add up to a whole number of 
seats.

Distribute the surplus seats, one per state, starting with the 
largest leftover fractional part, then proceeding to the next 
largest, and so on, until all the surplus seats have been dealt 
with.



  

Hamilton's Problem

It's well known that, when the number of seats is fixed in advance, 
all other methods may occasionally fail. Hamilton's method never 
fails. This feature that on the first glance might have placed 
Hamilton's method way ahead of the pack, should have sealed its 
fate from the very beginning: paradoxically, the method is 
unsuitable for apportionment of the House seats. The method 
violates the basic tenet of the Constitution: ... according to their 
respective numbers ... Strict proportionality of the representation 
could be hardly achieved or expected, and hence meant. 
However, no one would ever question the principle of the equality 
of the representation: states with equal populations must have 
equal representations. When other methods can't achieve that 
they fail. Not so Hamilton's method. The latter will easily distribute 
3 seats between 2 states with equal populations. One will get two 
seats, the other will get only one.



  

Population Paradox

State Pop Exact Q Lower Q Upper Q Hamilton
Adams 657000 65.7 65 66 66
Bethel 237000 23.7 23 24 24

Carthay 106000 10.6 10 11 10

Total 1000000 98 100

Adams 660000 65.35 65 66 65
Bethel 245100 24.27 24 25 24

Carthay 104900 10.39 10 11 11

Total 1010000 99 100



  

Jefferson's Method

Compute the divisor D = (Total population)/(Number of seats)

Decrease D by an amount d such that when state allocations 
{(State population)/(D - d)} are rounded downward, they add 
up to the exact number of seats.



  

Adam's Method

Compute the divisor D = (Total population)/(Number of seats)

Increase D by an amount d such that when state allocations 
{(State population)/(D + d)} are rounded upward, they add up 
to the exact number of seats.



  

Webster's Method
Compute the divisor D = (Total population)/(Number of seats)

Modify D by an amount d, that could be negative, such that 
when state allocations {(State population)/(D + d)} are rounded 
in the customary manner, they add up to the exact number of 
seats.

Daniel Webster proposed his apportionment method in 1832.It 
was adopted by the Congress in 1842, and then replaced by 
Alexander Hamilton's in 1852. It was again adopted in 1901 
and reconfirmed in 1911. Finally, it was replaced by 
Huntington-Hill's method in 1941.



  

Huntington-Hill's Method
Huntington-Hill's method is the current method of seat apportionment 
used by the US Congress. It was signed into law by President 
Roosevelt on November 15, 1941.

Compute the divisor D = (Total population)/(Number of seats)
Modify D by an amount d, that could be negative, such that when 
state allocations {(State population)/(D + d)} are rounded according to 
the method of equal proportions, they add up to the exact number of 
seats.

With the regular rounding used in the Webster's method the cutoff 
value is midway between two successive integers. If A is between an 
integer L and the next integer L+1, then it is rounded down or up 
depending on whether A is less or greater than the average (L + 
(L+1))/2.

In the method of equal proportions, the cutoff value depends on the 
magnitude of L = [A] and is equal to the square root of L(L+1).
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