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In the beginning...

there was GeometryOnly
    ^



Euclid XII.2
Circles are to each other as the squares on the diameters.
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Descartes
 René Descartes  1596 - 1650
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Descartes

La géométrie, the third appendix of the Discours (~100 pages) is 
the only published mathematical work of Descartes.

Descartes, the "father of analytic geometry", did NOT :

● provide a systematic description of analytic geometry.                      
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Fermat

Pierre de Fermat  1601(?)-1665

Understood the concept of 
coordinate geometry as early as 
1629 but did not formally publish.

His work appears posthumously 
in the Varia Opera Mathematica 
of Fermat in 1679.
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Descartes

La géométrie, the third appendix of the Discours (~100 pages) is the 
only published mathematical work of Descartes.

Descartes, the "father of analytic geometry", did NOT :

● provide a systematic description of analytic geometry.  Fermat            
                        
● introduce the concept of coordinates.    



Bill  Cherowitzo              MAA Rocky Mountain Section April 25, 2008 Slide 8
 

D'Oresme

Nicole d'Oresme
   (1323 - 1382)

Oresme invented a type of coordinate 
geometry, finding the logical equivalence 
between tabulating values and graphing 
them in De configurationibus qualitatum 
et motuum. He proposed the use of a graph 
for plotting a variable magnitude whose 
value depends on another variable. It is 
possible that Descarte was influenced by 
Oresme's work since it was reprinted 
several times over the 100 years following 
its first publication.



Bill  Cherowitzo              MAA Rocky Mountain Section April 25, 2008 Slide 9
 

Descartes

La géométrie, the third appendix of the Discours (~100 pages) is the 
only published mathematical work of Descartes.

Descartes, the "father of analytic geometry", did NOT :

● provide a systematic description of analytic geometry. Fermat              
                       
● introduce the concept of coordinates.  Oresme
 
● use coordinate axes in the descriptions of the problems he solved.

 There are 32 figures in La géométrie, no axes appear amongst them.
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Descartes

What Descartes did do:

He advanced beyond the classical Greeks by introducing numbers 
to geometric problems, thus converting the problems to algebraic 
ones which he then solved algebraically.

Of course there is no guarantee that after converting a geometric 
problem to an algebraic problem you will be able to solve the 
algebraic problem, or that an algebraic solution will give any 
geometric insight into the original problem.
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A Powerful Method

Euclid's Postulates
● A straight line can be drawn from any point to any 
point.
● A finite straight line can be produced continuously 
in a straight line.
● A circle may be described with any point as center 
and any distance as radius.
● All right angles are equal to one another.

● If a transversal falls on two lines in such a way that the interior angles on 
one side of the transversal are less than two right angles, then the lines meet 
on that side on which the angles are less than two right angles.
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A Powerful Method

David Hilbert  (1862 - 1943)

Undefined terms: Point, Line, Plane, Between, 
Congruent, On.

20 Axioms needed for Euclidean Geometry.

III. In a plane α, there can be drawn through any 
point A, lying outside of a straight line a, one and 
only one straight line that does not intersect the line 
a.
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A Powerful Method
G. D. Birkhoff  (1884 - 1944)

I. The points of any line can be put into one-to-one 
correspondence with the real numbers.  
            
II. Two distinct points determine a unique line.
        
III. The half-lines through any point can be put into 
one-to-one correspondence with the real numbers 
(mod 2π).   
                                                                    
IV. There exist similar, but not congruent, triangles.
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Modern Geometries

The Non-Euclidean Revolution (19th Century)
The parallel postulate is independent of the other axioms and equally valid 
geometries arise when it is replaced by other variants.
    - J.Bolyai, Lobachevsky, Gauss, Riemann, Beltrami, Poincaire, Klein

Modern View: Any system of consistent axioms gives rise to a 
geometry. Some of these are more interesting than others, but they are 
all logically valid. The type of geometry one uses depends on the 
application one has in mind.
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Modern Geometries

Given any geometry we can introduce coordinates in some standard 
way (using an appropriate symbol set) a lá Descartes. The geometry 
will determine which algebraic laws are satisfied by the coordinate 
arithmetic.

WARNING: In general this arithmetic will not resemble the 
arithmetic of the real numbers.
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Modern Geometries

Projective Geometry

Axioms for a Projective Plane:
   1. Every two distinct points determine a unique line.
   2. Every two distinct lines meet at a unique point. (There are no 
parallel lines.)
   3. There exist 4 points no three on the same line.
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Modern Geometries

The coordinate arithmetic associated to a projective plane is called a 
Planar Ternary Ring (PTR).

    While PTR's do satisfy some familiar algebraic properties (for 
instance, 0 and 1 behave as expected) they are generally "wild" in that:

The commutative law doesn't hold -     a + b ≠ b + a  
                                                                   ab ≠ ba
The associative law doesn't hold -   a + (b + c) ≠ (a + b) + c
                                                                  a(bc) ≠ (ab)c
The distributive law doesn't hold -   a(b+c) ≠ ab + ac
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Pappus' Theorem
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Pappus' Theorem

(1,0,0)
(1,0,1)

(a,0,1)

(0,1,0)
(0,1,1)

(0,b,1)

A A is on the red line if, and only if, 
ab = ba.

Pappus' theorem holds universally in a projective plane (the plane is 
Pappian) if, and only if, multiplication in the PTR is commutative.
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Angle Trisection

Theorem (Euclidean Geometry): An arbitrary angle can not be trisected 
using only a compass and straightedge.
Any angle CAN be trisected in Euclidean Geometry, the Greeks knew how to do 
this. The problem arises only because of the restriction to these two tools.

The geometry obtained by restricting yourself to only those lengths that can be 
constructed from a compass and straightedge is NOT Euclidean Geometry. The 
associated algebra is called the field of constructible numbers.

The usual proof of the theorem involves showing 
that Cos 20° is not in the field of constructible 
numbers. So, an angle of 20° can not be 
constructed, and an angle of 60° can not be 
trisected.Cos 20°

1

20°



Bill  Cherowitzo              MAA Rocky Mountain Section April 25, 2008 Slide 21
 

Desargues

 Girard Desargues
   (1591 - 1661)

 Brouillon project d'une atteinte aux 
evenemens des recontres du 
Cone avec un Plan

 (Rough draft for an essay on the 
results of taking plane sections of 
a cone)   1639

 Father of Projective 
Geometry
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Desargues' Theorem

               Triangles
 perspective from a  point.
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Desargues' Theorem

            Triangles
perspective from a line.
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Desargues' Theorem

Two triangles 
perspective from a 
point are perspective 
from a line.
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Desargues' Theorem

If Desargues' theorem holds universally in a projective plane (the 
plane is Desarguesian) then the PTR of the plane is a skewfield.

That is, it satisfies all the algebraic properties of a field 
(such as ℝ ) except possibly the commutativity of multiplication.
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Pappus implies Desargues

Hessenberg, 1905
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Pappus implies Desargues
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Pappus implies Desargues
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Finite Geometries

A finite geometry is one that has only a finite number of points and 
lines.

 Theorem: If a finite projective plane is Desarguesian then it is Pappian.

          There is no satisfactory geometric proof of this result.

The result is proved algebraically and is known as Wedderburn's 
Theorem: Any finite skewfield is commutative.
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Finite Geometries
In a finite projective plane, all lines have the same number of points. The 
order of a finite projective plane is one less than this number.

The smallest projective plane 
has order 2.
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Finite Geometries

We can construct projective planes whose orders are prime or prime 
power numbers. 

Theorem (Bruck-Ryser): If the order n of a projective plane is of the form 
4k+1 or 4k+2 then the plane can exist only if n is the sum of two integer 
squares.
Examples:  5 = 4 + 1 (plane exists)     6 is not the sum of squares - no plane
                   9 = 9 + 0 (plane exists)    10 = 9 + 1 (plane does not exist)
                 13 = 9 + 4 (plane exists)   14 is not the sum of squares - no plane
                 17 = 16 + 1 (plane exists) 18 = 9 + 9 (plane ?????)

The proof of the Bruck-Ryser theorem is algebraic, it gives no 
geometric insight into why these planes can not exist.
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Conclusion

Descartes dreamt of converting all problems (mathematical 
and otherwise) to arithmetic and solving them that way.

This method has been very fruitful and has led to many 
advances, however ...

one flaw in the method is that even when answers can be obtained, it is 
not always true that understanding of the problem in its original 
framework is achieved. Mathematics is about understanding, so this is 
not the best possible situation to be in. It will have to do, until someone 
(perhaps you) comes up with better ideas.
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