
Philosophy of 
Mathematics



Mathematics and the Real World

Real World

Problem Model

Mathland

Mathland

 Modeling

Here be Mathematics!

“An article of faith ...
the unreasonable effectiveness 
of mathematics”
   - Eugene Wigner, 1980



Mathematics and the Real World
Problem: A golf ball is struck by a golf club. It flies off the 
ground at a given angle with a known initial velocity. How far 
does it go? 

The Modeling Process: We first identify the relevant factors in 
this problem. There are clearly factors which are not significant, 
like the type of club used to hit the ball, the color of the golfer's 
hair or the brand of the golf ball. More relevant factors could be 
the size, shape or weight of the golf ball. The size and shape of the 
golf ball would be factors that must be considered if we are to 
include air resistance in our model ... but here we can make a 
simplifying assumption, namely that the ball has been designed to 
be as aerodynamically effective as possible, so we may ignore air 
resistance and so, the size and shape of the ball.



Mathematics and the Real World

The Modeling Process: Since we are ignoring air resistance, we 
assume that the only relevant force that will act on the ball is the 
force of gravity.
   Turning to the “laws of nature” which govern the flight of the 
ball, we opt to ignore any relativistic effects (that is, assume that 
the ball will not approach the speed of light) and can limit 
ourselves to consider only Newton's second law which states that 
the force on the ball will equal the product of its mass and its 
acceleration.



Mathematics and the Real World

The Model: With v(t) representing the velocity of the ball at time 
t, the second law allows us to write the equation:

dv
dt

= g

where g is the gravitational constant.

   Using standard methods of the theory of ordinary differential equations (the 
details of which need not concern us) and algebra, we can determine the path 
of the object whose motion is governed by this equation.



Mathematics and the Real World

Application: We now have a mathematical ball that moves 
according to a mathematical equation and the solution tells us how 
far the ball goes.  Now we apply the solution to the model to the 
real world ball. We conclude that the distance travelled by the real 
ball will be the distance predicted by the solution of our equation. 
The real ball – we fervently believe – will behave as the abstract 
ball behaves. 



Mathematics and the Real World

The mathematics began when we wrote our equation. The 
mathematics ends when this equation is solved. The initial step of 
forming the mathematical model by identifying the relevant factors 
and fixing on the appropriate physical laws requires knowledge 
and experience and can be described as the “art of modeling.” The 
final step of associating the mathematical truth of the model with 
the real-world golf ball lies outside of mathematics and maybe 
outside of reason. What is remarkable is that it works. 
Unreasonably, irrationally, uncannily – it works!



 The nature of mathematical truth

 Truth (with a capital T) is subject dependent. 
● God is dead. 
● Workers with Marxist attitudes will disrupt a 

capitalistic society. 
● 2 + 2 = 4 
● Every even number greater than 4 is the sum of 

two prime numbers (Goldbach) 



Mathematical truth is a formalism. 

● .... true statements are those which follow from 
the axioms by means of logic. 

● This is what provides mathematics with its 
greatest strength - truth can be demonstrated, 
there is no ambiguity about a mathematical truth; 
and its greatest weakness - mathematics can not 
prove anything that is not mathematical. 



 Logic vs. Meta-logic 

Meta-logic is the language and thinking process we 
use to talk about logic. 

It is not itself logic, rather it is a stepping outside of 
the logical system in order to examine that 
system. 

We do this in other areas as well, for instance, we 
learn English grammar in foreign language 
classes. 



 A formal logic system 
MIU System - Hofstadter, Godel, Escher, Bach: an 

eternal golden braid. Basic Books, 1979.
   Symbols: M, I, U
Propositions: Strings of these symbols. (may be empty)
Axioms: MI
Grammar: (Rules of Production) x is any proposition.

       1.   If xI then xIU          
   UIUI ⇒ UIUIU       

       2.  If Mx then Mxx 

      MIIU ⇒ MIIUIIU

       3.  If xIIIy then xUy

      MUIIIM ⇒ MUUM
    4. If xUUy then xy

      MUUMI ⇒ MMI



A formal logic system

For instance, MUIU is a theorem.

MI (2)→ MII (2)→ MIIII 

(3)→ MUI (1)→ MUIU.
● MUIIU is also a theorem.

MI (above)→ MUIU 

(2)→ MUIUUIU (4)→ MUIIU. 

       1.    xI ⇒ xIU

       2.   Mx ⇒ Mxx 

       3.   xIIIy ⇒ xUy

    4.  xUUy ⇒ xy

A theorem is a proposition which can be obtained 
from the axioms by applying the rules of the 
grammar.



A formal logic system

              But clearly U is not a theorem.
Every theorem must be derived from the axiom MI, 

but there is no rule which removes an M, so all 
theorems must start with an M.

(This is meta-logical arguing, we are talking about 
the rules of production, not using them!!)

                 Question: Is MU a theorem?



But, but, but ...
This view of mathematics (as a formal system) turns the subject 
into a “content – free” game, a meaningless manipulation of 
symbols according to some predefined rules.

Many mathematicians would object to this description of their 
subject. They would say that there is meaning in mathematics, and 
they know this because they can see good vs. bad mathematics, 
pretty vs. ugly mathematics and these distinctions would not be 
possible in a purely formal system. 

However, if forced to make precise these aesthetic considerations, 
most would give up the task and fall back to a formal description of 
the subject.


